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Abstract 

Beta regression model is a widely known statistical model when the 
response variable has the form of fractions or percentages. The 
maximum likelihood method is usually employed for estimating the 
regression coefficients of beta regression model. However, the 
maximum likelihood estimator is highly sensitive to outliers. To solve 
this problem, new statistical techniques have been developed that are 
not so easily affected by outliers; these are robust methods. This paper 
discusses the efficiency of using four robust estimation methods, the S-
estimation method, MM-estimation method, least trimmed sum of 
absolute deviation method and the robust and efficient weighted least 
squares estimation method in estimating the parameters of beta 
regression model in the presence of outliers. A Monte Carlo simulation 
study is performed to compare the performance of these robust 
estimators with the maximum likelihood estimator. Also, a real data set 
is used to illustrate the applicability of these estimators. The results 
showed that the robust and efficient weighted least squares estimation 
method gives better performance than the maximum likelihood 
estimation, S-estimation, MM-estimation, and least trimmed sum of 
absolute deviation methods. 

 

Keywords: Beta regression model, Outliers, S-estimation, MM-
estimation, Robust and efficient weighted least squares estimation. 
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1.  Introduction 

The beta regression model is a widely known statistical model when 
the dependent variable has the form of fractions or percentages and is 
commonly used in many areas, such as medicine, environment, finance, 
and natural sciences. The maximum likelihood estimation (MLE) is 
widely used to make inferences for the parameters for beta regression 
model. Vasconcellos and Cribari-Neto (2005) studied the behavior of 
MLE in beta regression model where the parameters of the distribution 
are nonlinear functions of linear combinations of the explanatory 
variables with unknown coefficients. Also, Ospina et al. (2006) 
introduced MLE to estimate the unknown parameter and considered the 
bias correction mechanism based on the parametric bootstrap for beta 
regression model.   

It is well-known that the maximum likelihood estimator-based 
inference suffers from the lack of robustness in the presence of outliers. 
Such a case can bring severe bias and misleading conclusions [Maluf et 
al. (2022)].  

Rousseeuw and Leroy (2003) described two types of outliers data in 
the regression. First, the observed data shows a large difference 
between the regression vectors and the central point of the data; such 
case is called the leverage point. The second, the observed data shows 
a large difference between the response variable and the mean of 
predicted variable by the model is called a regression outlier.  
To remedy this problem, new statistical techniques have been 
developed that are not so easily affected by outliers. These are robust 
methods, such as M-estimation, least median of squares (LMS), least 
trimmed squares (LTS), S-estimation, MM-estimation, least trimmed 
sum of absolute deviation (LTA), and robust and efficient weighted 
least squares estimation (REWLSE). 

There are several studies that deal with robust estimation methods in 
the regression models, such as Alma (2011) presented four robust 
regression methods M-estimation, MM-estimation, S-estimation, and 



 
   

 
 
 
 

٣٢٠٢الثالث سبتمبر العدد                 مجلة العلمية التجارة والتمويل                            ال  

(PRINT) :ISSN 1110-4716                       383                       (ONLINE): ISSN 2682-4825 
 

 

LTS estimation and compared these methods with the ordinary least 
squares (OLS) regression method when data contains outliers. Çankaya 
and Abacı (2015) compared some robust estimation methods: M-
estimation, MM-estimation, S-estimation, and LTS with OLS in the 
presence of outliers in linear regression model. Yu and Yao (2017) 
studied and discussed some robust methods for linear regression 
models, such as M-estimation, MM-estimation, LMS, LTS, S-
estimation, generalized M-estimation, R-estimation, least absolute 
deviation (LAD), and REWLSE. Almetwally and Almongy (2018) 
compared the M-estimation, S-estimation, and MM-estimation methods 
to determine the better method for a linear regression model. Tinungki 
(2018) used the MM-estimation method based on Tukey bisquare 
objective function to overcome the presence of severe outlier data. Abd 

El-Raoof et al. (2022) introduced a comparison between the 
performance of robust M-estimation and MM-estimation methods with 
the maximum likelihood method for estimating the parameters of 
Weibull regression model in the presence of outliers. Singgih and 
Fauzan (2022) presented a comparison of the M-estimation, 
S-estimation, and MM-estimation methods to find the optimum 
estimation of robust regression in criminal cases in Indonesia. A few 
studies for robust estimators in beta regression model have been 
provided, for example Ghosh (2019) proposed the robust minimum 
density power divergence estimator and a class of robust Wald-type 
tests for the beta regression model. Maluf et al. (2022) presented the 
maximum likelihood estimation method and robust estimators through 
the logit transformation for the beta regression model.  

The main goal of this paper is to compare the performance of the MLE 
method, and four robust estimation methods, the S-estimation, MM-
estimation, LTA estimation, and REWLSE method for estimating the 
parameters of beta regression model in the presence of outliers. Section 
2 presents a review on beta regression model. Section 3 contains the 
MLE method to estimate the parameters of the beta regression model. 
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Section 4 suggests the S-estimation, MM-estimation, LTA estimation, 
and REWLSE methods for estimating the parameters of the beta 
regression model. Section 5 investigates the effectiveness of the MLE, 
S-estimation, MM-estimation, LTA estimation and REWLSE methods 
in the beta regression model in the presence of outliers using a Monte 
Carlo simulation study. Section 6 presents an application of the tropical 
tuna percentage real data set. Finally, the conclusions are presented in 
Section 7. 

2. Beta Regression Model 

The beta regression model was first developed by Ferrari and Cribari-
Neto (2004) by connecting the mean function of the response variable 
to a set of linear predictors via a monotone differentiable function called 
the link function.  

Let 𝑦 be a continuous random variable having a beta distribution with 

probability density function of y is given as follows: 

𝑓(𝑦; 𝑝, 𝑞) =
( )

( ) ( )
 𝑦 (1 − 𝑦)  , 0 < 𝑦 < 1, 𝑝 > 0, 𝑞 > 0,    (1) 

where Γ(. ) is the gamma function, 𝑝 and 𝑞 are two shape parameters. 

The mean and the variance of 𝑦 are as follows: 

𝐸(𝑌) =  ,             (2)

    𝑉𝑎𝑟(𝑌) =
( ) ( )

 .            (3) 

To obtain a regression structure for the mean of the response along 
with a precision parameter, a different parameterization of the beta 
density will be obtained. 

Let 𝜇 =  and  𝜑 = 𝑝 + 𝑞, 𝑝 = 𝜇𝜑, and 𝑞 = (1 − 𝜇)𝜑. Then, the 

density of y can be written in the new parameterization as follows: 

𝑓(𝑦; 𝜇, 𝜑) =
( )

( ) ( )
 𝑦 (1 − 𝑦)( )  , 0 < 𝑦 < 1, 0 < 𝜇 < 1, 𝜑 > 0,  (4) 
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where 𝜇 is the mean of the response variable and 𝜑 is the precision 
parameter. Consequently, the mean and variance based on the new 
parameterization are as follows: 

𝐸(𝑌) = 𝜇,             (5)

    𝑉𝑎𝑟(𝑌) =
( )

.            (6) 

The variance of the response variable decreases as the 𝜑 is increased 
for fixed 𝜇. If 𝜇𝜑 > 1 and (1 − 𝜇)𝜑 > 1, the beta density is bounded, 
has a single mode in (0,1), and decreases to zero. While, 𝜇𝜑 < 1 and 
(1 − 𝜇)𝜑 < 1, the beta density is unbounded at one or both boundaries.  

The beta regression model was developed assuming a homogeneous 
precision parameter in the form of generalized linear model for the 
location parameter using a link function.  
Let 𝑦 , 𝑦 , … , 𝑦  be independent random variables, where each 𝑦 , 
𝑡 = 1,2, … , 𝑛 follows the density as given in Equation (4) with mean 𝜇  
and unknown precision 𝜑. The beta regression model is obtained by 
assuming that 𝑦 ~𝛽𝑒𝑡𝑎(𝜇 , 𝜑), 𝑡 = 1, 2, . . . , 𝑛 and the logit link 
function is defined as:  

𝑔(𝜇 ) = 𝑙𝑜𝑔 = 𝜂 = ∑ 𝑋 𝛽 , 𝑗 = 1,2, . . . , 𝑘,   (7) 

where g(·) is the link function of the beta regression model used to relate 
the systematic component with the random component, 
𝛽 = (𝛽 , 𝛽 , 𝛽 , … , 𝛽 )  is a (𝑘 + 1) × 1 vector of unknown regression 
coefficients, 𝑋 = (1, 𝑥 , 𝑥 , … , 𝑥 ) is 𝑡 th row of the 𝑛 × (𝑘 + 1) 
data matrix with 𝑘 explanatory variables, and 𝜂  is the linear predictor. 

There are several possible choices for the link function can be used, 
such as the logit link function 𝑔(𝜇 ) = 𝑙𝑜𝑔 {−𝑙𝑜𝑔(1 − 𝜇)}, the probit 
function 𝑔(𝜇) = 𝜙 (𝜇), where 𝜙(. ) is the cumulative distribution 
function of the standard normal distribution function. 

A particularly interesting specification of the model is obtained when 
the logit link function is used. In this case, the mean of 𝑦  can be written 
as Ferrari and Cribari-Neto (2004) by 
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𝜇 =  ,                       (8) 

where 𝜇  is the mean response function. Since 𝜂 depends on 𝛽and the 
mean response 𝜇 is a function of 𝜂, the means 𝜇 ,  𝜇 , . . . ,  𝜇  are 
functions of 𝛽 [Abonazel et al. (2022)]. 

3.  Maximum Likelihood Estimation 

Estimation of the beta regression parameters is done by using the 

MLE method by Ospina et al. (2006). The log-likelihood function for 

the beta regression model has the form 

𝑙(𝛽, 𝜑) = ∑ 𝑙 (𝜇 , 𝜑) = ∑ {𝑙𝑜𝑔Γ(𝜑) − 𝑙𝑜𝑔Γ(𝜇 𝜑) − 𝑙𝑜𝑔Γ(𝜑 −

𝜇 𝜑) + (𝜇 𝜑 − 1) 𝑙𝑜𝑔(𝑦 ) + (𝜑 − 𝜇 𝜑 − 1)𝑙𝑜𝑔 (1 − 𝑦 )}.                     (9) 

When the MLE is used to estimate the unknown regression 

coefficients, the score function can be obtained by differentiating the 

log-likelihood function with respect to 𝛽 and 𝜑 as follows: 

𝑆 (𝛽) =  
( , )

= ∑
( , )

= ∑
( )

( )
𝑥 ,              (10) 

𝑆 (𝜑) =
 ( , )

= ∑ {𝜇 (𝑦∗ − 𝜇∗) + 𝑙𝑜𝑔(1 − 𝑦 ) + 𝜓(𝜑) − 𝜓((1 − 𝜇 )𝜑)},   (11) 

where 𝑉𝑎𝑟(𝜇 ) = 𝜇 (1 − 𝜇 ), 𝑥  is the 𝑡 𝑡ℎ  values for 𝑗 𝑡ℎ covariates, 

𝑦∗ = 𝑙𝑜𝑔 , 𝜇∗ = 𝜓(𝜇 𝜑) − 𝜓 (1 − 𝜇 )𝜑 , and 𝜓(. ) denotes the 

digamma function.  

The MLE of 𝛽 and 𝜑 are obtained as the solution of the nonlinear 

system. In practice, the maximum likelihood estimates can be obtained 

through numerical maximization of (9) using a nonlinear optimization 

algorithm.  
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Since the Equation (10) is nonlinear in 𝛽, the solution of 𝑆 (𝛽) is 

equating to be zero, which can be found through Fisher’s scoring 

iterative procedure within the Newton Raphson methods for estimating 

parameter vector 𝛽 as: 

         𝛽 = 𝛽 +
( )

(𝛽 ) 𝑆(𝛽 ),                   (12) 

where 𝑆(𝛽 ) is the score function and 𝑚 =  0, 1, 2, … , 𝑀 are the 

iterations. The second derivative of Equation (9) with respect to 𝛽  is as 

follows: 

𝜕 𝑙(𝛽, 𝜑)

𝜕𝛽 𝛽
= 𝜑

𝜕𝑙(𝛽, 𝜑)

𝜕𝛽

(𝑦 − 𝜇 )

𝑉𝑎𝑟(𝜇 )

𝑑𝜇

𝑑𝜂
𝑥  

                                     = ∑ 𝜑 𝑉𝑎𝑟(𝜇 ) − (𝜇 − 𝑦 ) ×

𝑉𝑎𝑟(𝜇 )
( )

− 𝑉𝑎𝑟(𝜇 )
( )

𝑥 𝑥 ,        (13) 

where 𝑆(𝛽 ) and 
( )

(𝛽 ) are computed at 𝛽 .  

The initial value for each precision parameter is 𝜑 =
( )

, where 

�̂� , 𝜎  values are obtained from linear regression. Given 𝑚 =

0,1,2, … , 𝑀 is the number of iterations that are performed, the 

maximum likelihood estimator of 𝛽  is obtained as iterative reweighted 

least squares (IRLS). 

𝛽 = 𝑋 𝑊 𝑋 𝑋 𝑊 �̂� ,                             (14) 

where 𝑊 = diag 𝑔(𝜇
𝑡
) 𝑉𝑎𝑟(𝜇

𝑡
)𝜑 , 𝑔(. ) is the logit link function, 

and �̂� = 𝑙𝑜𝑔(�̂� ) +
( )

. 
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However, 𝛽  converges to 𝛽  as 𝑚 → ∞ was concluded, then, the 
maximum likelihood estimator of 𝛽 is obtained as: 

𝛽 = 𝑋 𝑊𝑋 𝑋 𝑊�̂� .             (15) 

[Qasim et al. (2021) and Abonazel et al. (2022)] 

4. Robust Estimation Methods 
Robust regression is an important method for analyzing data that are 

contaminated with outliers. It can be used to detect outliers and to 

provide resistant results in the presence of outliers. In order to achieve 

this stability, four robust estimation methods in the following sub 

sections are suggested: the S-estimation, MM-estimation, LTA 

estimation, and REWLSE methods to estimate the parameters of the 

beta regression model in the presence of outliers. 

4.1. S- estimation 

Rousseeuw and Yohai (1984) proposed S-estimation to overcome the 

low breakdown point of M-estimation by minimizing a robust M-

estimate of the residual scale. To estimate the parameters of the beta 

regression model using the S-estimation method, it is required to 

𝑚𝑖𝑛 ∑ 𝜌 ,          (16) 

where 𝜌 function possesses the following properties 𝜌(𝑟 ) ≥ 0,  𝜌(0) =

0, and 𝜌(𝑟 ) = 𝜌(−𝑟 ),  𝑟 = 𝑦 − 𝑦 , and 𝜎  is the robust scale 
estimator given by 

          𝜎 =

| ( )|

.
  ; 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 1

∑ 𝑤 𝑟 ; 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 > 1 , 𝐾 = 0.199,
                    (17) 
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and the weighted function 𝑤  is defined by 𝑤 = 𝑤(𝑢 ) =
( )

,      

which is as follows: 

𝑤(𝑢 ) =
1 −    , |𝑢 | ≤ 𝑐         

  0                            , |𝑢 | > 𝑐 ,                 

    (18) 

where 𝑢 =   and c =1.547 is the tuning parameter. 

To solve Equation (16), set the first partial derivatives of it with 

respect to the regression coefficients equal to zero, then,  

                                ∑ 𝑥 𝜌′( ) = 0, 𝑗 = 0,1, … , 𝑘,                (19) 

where 𝜌′(. )is the first partial derivative of the function 𝜌, known as the 

influence function.  

For the 𝜌 function, the Tukey’s bisquare objective function by Beaton 

and Tukey (1974) can be used as  

                      𝜌(𝑢 ) =
− +    ,                         |𝑢 | ≤ 𝑐 

   ,                                |𝑢 | > 𝑐 ,
     (20) 

where c is the tuning constant chosen as 𝑐 = 4.685.   

The solution of (16) is obtained by using the IRLS. 

4.2. MM- estimation 

The MM-estimation method is a modified type of M-estimation 

method that was developed by Yohai (1987) by combining a method of 

high breakdown value and an efficient estimation method to achieve the 

breakdown point up to 50% and asymptotic efficiency as close to one 
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as desired. The MM-estimator obtains the scaled errors by the S-

estimator. 

The following steps are performed to estimate the parameters of beta 

regression model. 

 Estimate regression coefficients on the data using the OLS. 

 Calculate the residual value 𝑟 = (𝑦 − 𝑦 ).  

 Calculate the value of 𝜎  using the S-estimator, then, 𝑢 = . 

 Calculate the weighted value 𝑤 =
( )

, 𝑡 = 1,2, … , 𝑛. 

 Calculate 𝛽  using the IRLS method with the weighted 𝑤  as 

follows: 

𝛽 = 𝑋 𝑊 𝑋 𝑋 𝑊 𝑌,          (21) 

where 𝑊 = 𝑑𝑖𝑎𝑔(𝑤 , 𝑤 , … , 𝑤 ) and 

𝑤 =
[1 − (

.
) ] , |𝑢 | ≤ 4.685

0, |𝑢 | > 4.685
. 

 

4.3. Least trimmed sum of absolute deviation 

The LTA robust estimator for univariate data was first developed by 

Bassett (1991) and Tableman (1994 a, b), and it was further 

demonstrated to have desirable asymptotic qualities such robustness, 

consistency, high breakdown, and normality. They provided the 

algorithm and the derivation of the influence function and asymptotic. 

They also provided a technique for quickly computing the LTA.  

In the regression model, the LTA is a special case of the R-

estimators. In particular for big data sets, Hawkins and Olive (1999) 
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demonstrated that LTA is a competing alternative to LMS and LTS 

[Helmy et al. (2021)]. 

To estimate the parameters of the beta regression model using LTA 

method, through minimizing the sum of the absolute residuals 

𝑚𝑖𝑛 ∑ |𝑟 | : ,                    (22) 

where |𝑟 |[ : ] = |𝑦 − 𝑦 |[ : ] ,  |𝑟 |[ : ] ≤ |𝑟 |[ : ] ≤ ⋯ ≤ |𝑟 |[ : ] are 

the ordered absolute residuals, and ℎ = , + 1 for odd 𝑛 and even 

𝑛 respectively. 

4.4.  Robust and efficient weighted least squares estimation  

Gervini and Yohai (2002) proposed a new class of robust regression 

method called the REWLSE. This method is much more attractive than 

many other robust estimators that attain high breakdown point and full 

efficiency under normal errors. This new estimator, robust and efficient 

weighted least squares (REWLS) is a type of weighted least squares 

estimator with the weights adaptively calculated from an initial robust 

estimator. 

The following steps are performed to estimate the parameters of beta 

regression model: 

 Consider a pair of initial robust estimates of regression parameters 

and scale, 𝛽  and 𝜎 respectively.  

 Find the standardized residuals  𝑟 = (𝑦 − 𝑦 )/𝜎 .  

 Define a measure of proportion of outliers in the sample  

𝑑 = max 𝐹 |𝑟|( ) −
( )

,                   (23) 
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where {. }  denotes positive part, 𝐹  denotes the distribution of |𝑋| 

when 𝑋~𝐹 , |𝑟|( ) ≤. . . ≤ |𝑟|( ), are the order statistics of the 

standardized absolute residuals, and 𝑡 = 𝑚𝑎𝑥 𝑡: |𝑟|( ) < 𝜂 , where 

𝜂 is some large quantile of 𝐹 . According to Rousseeuw and Leroy 

(1987), 𝜂 is chosen equals 2.5.  

 Calculate the weights as proposed by Gervini and Yohai (2002) by 

𝑊 =
 1                 𝑖𝑓 |𝑟 | < 𝑖

0                  𝑖𝑓 |𝑟 | ≥ 𝑖 ,
            (24) 

where 𝑖  =  |𝑟|( ) is the adaptive cut of value with 𝑡 =  𝑛 − ⌊𝑛𝑑 ⌋, 

and ⌊𝑛𝑑 ⌋ is the largest integer less than or equal to  𝑛𝑑 . 

 The REWLS estimator of  𝛽 is given by  

𝛽 = 𝑋 𝑊 𝑋 𝑋 𝑊 𝑌,           (25) 

where 𝑊 = 𝑑𝑖𝑎𝑔(𝑊 , 𝑊 , … , 𝑊 ). 

5. Simulation study 

In this section, a Monte Carlo simulation study is conducted to make 

a comparison between the performances of four robust estimation 

methods: the S, MM, LTA, and REWLSE with the MLE method. The 

performance of these estimators can be evaluated using the bias and the 

mean square error (MSE) of the estimated coefficients which are given 

by   

𝐵𝑖𝑎𝑠 𝜉 = ∑ 𝜉 − 𝜉 ,         (26) 

 
and 

𝑀𝑆𝐸(𝜉 ) = ∑ 𝜉 − 𝜉 ,                   (27) 
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where  𝜉  is the estimated value of the considered parameter 𝜉 at the 

𝑚th repetition out of 𝑀 replicates. The computation of the simulation 

study is developed using R programming.  

The simulation setting is as follows: 

 Generate the response variable 𝑦  from beta distribution 

𝑦 ~𝐵𝑒𝑡𝑎(𝜇 , 𝜑), with 𝜑 = 1.5, 5 and 𝜇 =  for 𝑡 =

 1,2, … , 𝑛. 

 Generate two random variables 𝑥 , and 𝑥  from standard uniform 

distribution U (0,1) for different sample sizes 𝑛=25, 50, and 100. 

 Generate randomly different percentage of outliers such that 

𝜔% =0%, 10%, 30% in y-direction to investigate the robustness of 

the MLE, S, MM, LTA, and REWLSE in the presence of outliers.  

 The regression parameters are assumed to be  𝛽 = 𝛽 = 𝛽 = 1. 

 All simulation results are repeated 1000 times and all the results of 

all separate experiments are obtained by the same series of random 

numbers. 

The results of the estimated mean, bias, and the MSE of the 

parameters of beta regression model when the case of outliers 

ω% = 0%, 10%, 30% and different sample sizes using the MLE, S-

estimation, MM-estimation, LTA estimation, and REWLSE methods 

are reported in Tables 1-6. Also, Figures 1-4 display the estimated MSE 

for different estimators with different percentages of outliers. 
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Table 1: Estimated Mean, Bias, and MSE values when 𝑛 = 25 and 𝜑 = 1.5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.4370 1.0836 1.0847 1.8951 

Bias 0.4370 0.0836 0.0847 0.3951 
MSE 1.5192 1.2738 1.2665 1.4154 

S 

Mean 1.2605 1.0167 1.0170 1.6026 
Bias 0.2605 0.0167 0.0170 0.1026 
MSE 1.3283 1.1114 1.1179 1.1951 

 
MM 

 

Mean 1.2492 1.0134 1.0139 1.5762 
Bias 0.2492 0.0134 0.0139 0.0762 
MSE 1.2997 1.0800 1.0804 1.1724 

  Mean 1.2962 1.0343 1.0347 1.6315 
 LTA Bias 0.2962 0.0343 0.0347 0.1315 
  MSE 1.3513 1.1397 1.1340 1.2284 
  Mean 1.2208 1.0102 1.0115 1.5535 
 REWLSE Bias 0.2208 0.0102 0.0115 0.0535 
  MSE 1.2742 1.0665 1.0693 1.1534 
       

𝜔 = 10% 
 

MLE 
Mean 1.5541 1.1837 1.1861 1.9848 
Bias 0.5541 0.1837 0.1861 0.4848 
MSE 1.6110 1.3447 1.3494 1.6252 

S 
Mean 1.3401 0.0699 1.0756 1.7354 
Bias 0.3401 0.9301 0.0756 0.2354 
MSE 1.4070 1.1678 1.1669 1.3751 

 
MM 

 

Mean 1.3167 1.0488 1.0485 1.7168 
Bias 0.3167 0.0488 0.0485 0.2168 
MSE 1.3870 1.1412 1.1415 1.3521 

  Mean 1.3663 0.0858 1.0968 1.7528 
 LTA Bias 0.3663 0.9142 0.0968 0.2528 
  MSE 1.4224 1.2091 1.2013 1.4025 
  Mean 1.2986 1.0294 1.0298 1.7058 
 REWLSE Bias 0.2986 0.0294 0.0298 0.2058 
  MSE 1.3664 1.1216 1.1226 1.3412 
       
  Mean 1.7374 1.3104 1.3255 2.2314 
 MLE Bias 0.7374 0.3104 0.3255 0.7314 
  MSE 1.7865 1.5391 1.5460 1.8961 

𝜔 = 30%  Mean 1.4770 1.1703 1.1761 1.8921 
 S Bias 0.4770 0.1703 0.1761 0.3921 
  MSE 1.6074 1.3346 1.3305 1.6821 
  Mean 1.4582 1.1542 1.1561 1.8794 
 MM Bias 0.4582 0.1542 0.1561 0.3794 
  MSE 1.5750 1.3015 1.3005 1.6624 
  Mean 1.4994 1.1925 1.1948 1.9251 
 LTA Bias 0.4994 0.1925 0.1948 0.4251 
  MSE 1.6226 1.3634 1.3688 1.7051 
  Mean 1.4301 1.1355 1.1370 1.8634 
 REWLSE Bias 0.4301 0.1355 0.1370 0.3634 
  MSE 1.5574 1.2736 1.2736 1.6575 
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Table 2: Estimated Mean, bias, and MSE values when 𝑛 = 25 and 𝜑 = 5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.3930 1.0589 1.0597 5.6230 
Bias 0.3930 0.0589 0.0597 0.6230 
MSE 1.4247 1.2362 1.2388 1.3721 

S 

Mean 1.2292 1.0105 1.0109 5.1853 
Bias 0.2292 0.0105 0.0109 0.1853 
MSE 1.2694 1.0779 1.0776 1.1664 

 
MM 

 

Mean 1.1945 1.0079 1.0072 5.1567 
Bias 0.1945 0.0079 0.0072 0.1567 
MSE 1.2366 1.0557 1.0562 1.1458 

  Mean 1.2591 1.0170 1.0163 5.2101 
 LTA Bias 0.2591 0.0170 0.0163 0.2101 
  MSE 1.2906 1.0999 1.1001 1.1842 
  Mean 1.1762 1.0057 1.0059 5.1491 
 REWLSE Bias 0.1762 0.0057 0.0059 0.1491 
  MSE 1.2104 1.0343 1.0349 1.1412 
       

𝜔 = 10% 
 

MLE 
Mean 1.5191 1.1490 1.1522 5.7461 
Bias 0.5191 0.1490 0.1522 0.7461 
MSE 1.5243 1.3010 1.3001 1.5861 

S 
Mean 1.3164 1.0423 1.0409 5.2954 
Bias 0.3164 0.0423 0.0409 0.2954 
MSE 1.3540 1.1444 1.1459 1.3458 

 
MM 

 

Mean 1.2808 1.0226 1.0247 5.2785 
Bias 0.2808 0.0226 0.0247 0.2785 
MSE 1.3350 1.1279 1.1296 1.3221 

  Mean 1.3395 1.0653 1.0601 5.3200 
 LTA Bias 0.3395 0.0653 0.0601 0.3200 
  MSE 1.3747 1.1642 1.1611 1.3625 
  Mean 1.2641 1.0096 1.0102 5.2696 
 REWLSE Bias 0.2641 0.0096 0.0102 0.2696 
  MSE 1.3146 1.1072 1.1013 1.3192 
       

  Mean 1.7042 1.2777 1.2852 5.9123 
 MLE Bias 0.7042 0.2777 0.2852 0.9123 
  MSE 1.7345 1.4791 1.4864 1.8523 

𝜔 = 30%  Mean 1.4211 1.1401 1.1459 5.4853 
 S Bias 0.4211 0.1401 0.1459 0.4853 
  MSE 1.5603 1.2914 1.2873 1.6422 
  Mean 1.3982 1.1240 1.1249 5.4631 
 MM Bias 0.3982 0.1240 0.1249 0.4631 
  MSE 1.5487 1.2587 1.2577 1.6283 
  Mean 1.4591 1.1645 1.1625 5.5023 
 LTA Bias 0.4591 0.1645 0.1625 0.5023 
  MSE 1.5923 1.3193 1.3249 1.6631 
  Mean 1.3777 1.1098 1.1063 5.4581 
 REWLSE Bias 0.3777 0.1098 0.1063 0.4581 
  MSE 1.5222 1.2388 1.2385 1.6192 
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Table 3: Estimated Mean, bias, and MSE values when 𝑛 = 50 and 𝜑 = 1.5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.4186 1.0623 1.0628 1.7725 
Bias 0.4186 0.0623 0.0628 0.2725 
MSE 1.4769 1.2450 1.2426 1.3961 

S 

Mean 1.2487 1.0137 1.0145 1.5901 
Bias 0.2487 0.0137 0.0145 0.0901 
MSE 1.2977 1.0864 1.0873 1.1725 

 
MM 

 

Mean 1.2270 1.0119 1.0127 1.5723 
Bias 0.2270 0.0119 0.0127 0.0723 
MSE 1.2675 1.0687 1.0681 1.1563 

  Mean 1.2721 1.0162 1.0190 1.6112 
 LTA Bias 0.2721 0.0162 0.0190 0.1112 
  MSE 1.3210 1.1094 1.1065 1.2058 
  Mean 1.2092 1.0098 1.0096 1.5686 
 REWLSE Bias 0.2092 0.0098 0.0096 0.0686 
  MSE 1.2437 1.0474 1.0471 1.1402 
       

𝜔 = 10% 
 

MLE 
Mean 1.5244 1.1598 1.1580 1.8621 
Bias 0.5244 0.1598 0.1580 0.3621 
MSE 1.5762 1.3234 1.3256 1.6036 

S 
Mean 1.3094 1.0348 1.0324 1.7152 
Bias 0.3094 0.0348 0.0324 0.2152 
MSE 1.3785 1.1572 1.1596 1.3665 

 
MM 

 

Mean 1.2832 1.0106 1.0121 1.6931 
Bias 0.2832 0.0106 0.0121 0.1931 
MSE 1.3560 1.1230 1.1206 1.3454 

  Mean 1.3329 1.0626 1.0603 1.7336 
 LTA Bias 0.3329 0.0626 0.0603 0.2336 
  MSE 1.3954 1.1833 1.1819 1.3852 
  Mean 1.2661 1.0088 1.0079 1.6873 
 REWLSE Bias 0.2661 0.0088 0.0079 0.1873 
  MSE 1.3329 1.1009 1.0975 1.3381 
       

  Mean 1.7123 1.2894 1.2923 2.1054 
 MLE Bias 0.7123 0.2894 0.2923 0.6054 
  MSE 1.7663 1.5054 1.5138 1.8756 

𝜔 = 30%  Mean 1.4436 1.1403 1.1432 1.8861 
 S Bias 0.4436 0.1403 0.1432 0.3861 
  MSE 1.5786 1.3184 1.3191 1.6632 
  Mean 1.4248 1.1213 1.1290 1.8657 
 MM Bias 0.4248 0.1213 0.1290 0.3657 
  MSE 1.5533 1.2889 1.2919 1.6441 
  Mean 1.4720 1.1780 1.1712 1.9058 
 LTA Bias 0.4720 0.1780 0.1712 0.4058 
  MSE 1.6070 1.3427 1.3587 1.6822 
  Mean 1.4061 1.0957 1.1028 1.8592 
 REWLSE Bias 0.4061 0.0957 0.1028 0.3592 
  MSE 1.5389 1.2655 1.2692 1.6382 
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Table 4: Estimated Mean, bias, and MSE values when 𝑛 = 50 and 𝜑 = 5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.3582 1.0293 1.0259 5.6056 
Bias 0.3582 0.0293 0.0259 0.6056 
MSE 1.3926 1.1933 1.1951 1.3569 

S 

Mean 1.1713 1.0256 1.0068 5.1634 
Bias 0.1713 0.0256 0.0068 0.1634 
MSE 1.2437 1.0556 1.0561 1.1489 

 
MM 

 

Mean 1.1423 1.0043 1.0049 5.1452 
Bias 0.1423 0.0043 0.0049 0.1452 
MSE 1.2130 1.0337 1.0340 1.1234 

  Mean 1.2186 1.0095 1.0098 5.1961 
 LTA Bias 0.2186 0.0095 0.0098 0.1961 
  MSE 1.2698 1.0776 1.0780 1.1694 
  Mean 1.1275 1.0027 1.0028 5.1396 
 REWLSE Bias 0.1275 0.0027 0.0028 0.1396 
  MSE 1.1984 1.0121 1.0128 1.1192 
       

𝜔 = 10% 
 

MLE 
Mean 1.4927 1.1230 1.1257 5.7223 
Bias 0.4927 0.1230 0.1257 0.7223 
MSE 1.4993 1.2877 1.2829 1.5632 

S 
Mean 1.2032 1.0269 1.0246 5.2856 
Bias 0.2032 0.0269 0.0246 0.2856 
MSE 1.3367 1.1202 1.1279 1.3231 

 
MM 

 

Mean 1.1838 1.0164 1.0188 5.2632 
Bias 0.1838 0.0164 0.0188 0.2632 
MSE 1.3106 1.1029 1.1013 1.3025 

  Mean 1.2218 1.0423 1.0399 5.3033 
 LTA Bias 0.2218 0.0423 0.0399 0.3033 
  MSE 1.3547 1.1440 1.1410 1.3451 
  Mean 1.1696 1.0079 1.0071 5.2586 
 REWLSE Bias 0.1696 0.0079 0.0071 0.2586 
  MSE 1.2929 1.0837 1.0890 1.2981 
       

  Mean 1.6724 1.2004 1.2052 5.9023 
 MLE Bias 0.6724 0.2004 0.2052 0.9023 
  MSE 1.6962 1.4477 1.4497 1.8312 

𝜔 = 30%  Mean 1.3883 1.1348 1.1312 5.4638 
 S Bias 0.3883 0.1348 0.1312 0.4638 
  MSE 1.5098 1.2583 1.2597 1.6258 
  Mean 1.3583 1.1153 1.1104 5.4457 
 MM Bias 0.3583 0.1153 0.1104 0.4457 
  MSE 1.4774 1.2278 1.2295 1.6024 
  Mean 1.4185 1.1515 1.1572 5.4852 
 LTA Bias 0.4185 0.1515 0.1572 0.4852 
  MSE 1.5355 1.2864 1.2889 1.6458 
  Mean 1.3164 1.1052 1.0994 5.4391 
 REWLSE Bias 0.3164 0.1052 0.0994 0.4391 
  MSE 1.4594 1.2068 1.2039 1.5971 
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Table 5: Estimated Mean, bias, and MSE values when 𝑛 = 100 and 𝜑 = 1.5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.3784 1.0395 1.0381 1.7524 
Bias 0.3784 0.0395 0.0381 0.2524 
MSE 1.4435 1.2134 1.2125 1.3765 

S 

Mean 1.2258 1.0084 1.0081 1.5702 
Bias 0.2258 0.0084 0.0081 0.0702 
MSE 1.2796 1.0661 1.0667 1.1689 

 
MM 

 

Mean 1.2031 1.0066 1.0064 1.5563 
Bias 0.2031 0.0066 0.0064 0.0563 
MSE 1.2477 1.0418 1.0421 1.1458 

  Mean 1.2596 1.0119 1.0127 1.5962 
 LTA Bias 0.2596 0.0119 0.0127 0.0962 
  MSE 1.2996 1.0809 1.0800 1.1864 
  Mean 1.1870 1.0022 1.0021 1.5491 
 REWLSE Bias 0.1870 0.0022 0.0021 0.0491 
  MSE 1.2293 1.0206 1.0200 1.1235 
       

𝜔 = 10% 
 

MLE 
Mean 1.4992 1.1323 1.1301 1.8452 
Bias 0.4992 0.1323 0.1301 0.3452 
MSE 1.5489 1.3063 1.3039 1.5845 

S 
Mean 1.2502 1.0371 1.0307 1.6925 
Bias 0.2502 0.0371 0.0307 0.1925 
MSE 1.3498 1.1303 1.1389 1.3458 

 
MM 

 

Mean 1.2289 1.0132 1.0139 1.6752 
Bias 0.2289 0.0132 0.0139 0.1752 
MSE 1.3279 1.1016 1.1022 1.3258 

  Mean 1.2739 1.0528 1.0537 1.7125 
 LTA Bias 0.2739 0.0528 0.0537 0.2125 
  MSE 1.3785 1.1662 1.1613 1.3695 
  Mean 1.2183 1.0111 1.0112 1.6682 
 REWLSE Bias 0.2183 0.0111 0.0112 0.1682 
  MSE 1.3045 1.0801 1.0799 1.3191 
       

  Mean 1.6900 1.2796 1.2798 2.0783 
 MLE Bias 0.6900 0.2796 0.2798 0.5783 
  MSE 1.7302 1.4783 1.4989 1.8569 

𝜔 = 30%  Mean 1.4030 1.1252 1.1233 1.8633 
 S Bias 0.4030 0.1252 0.1233 0.3633 
  MSE 1.5553 1.2875 1.3006 1.6459 
  Mean 1.3868 1.1004 1.1059 1.8631 
 MM Bias 0.3868 0.1004 0.1059 0.3631 
  MSE 1.5278 1.2606 1.2708 1.6242 
  Mean 1.4285 1.1555 1.1508 1.8896 
 LTA Bias 0.4285 0.1555 0.1508 0.3896 
  MSE 1.5778 1.3282 1.3372 1.6635 
  Mean 1.3776 1.0814 1.0865 1.8591 
 REWLSE Bias 0.3776 0.0814 0.0865 0.3591 
  MSE 1.5043 1.2468 1.2488 1.6198 
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Table 6: Estimated Mean, bias, and MSE values when 𝑛 = 100 and 𝜑 = 5 

 

Outliers Method  𝛽  𝛽  𝛽  𝜑 

𝜔 = 0% 
 

MLE 
Mean 1.3294 1.0213 1.0218 5.5732 
Bias 0.3294 0.0213 0.0218 0.5732 
MSE 1.3759 1.1907 1.1916 1.3364 

S 
 

Mean 1.0684 1.0056 1.0051 5.1563 
Bias 0.0684 0.0056 0.0051 0.1563 
MSE 1.2223 1.0342 1.0346 1.1236 

 
MM 

 

Mean 1.0482 1.0039 1.0037 5.1364 
Bias 0.0482 0.0039 0.0037 0.1364 
MSE 1.2038 1.0128 1.0129 1.1025 

  Mean 1.0899 1.0073 1.0077 5.1723 
 LTA Bias 0.0899 0.0073 0.0077 0.1723 
  MSE 1.2378 1.0572 1.0571 1.1456 
  Mean 1.0442 1.0018 1.0013 5.1293 
 REWLSE Bias 0.0442 0.0018 0.0013 0.1293 
  MSE 1.1828 1.0096 1.0097 1.0982 
       

𝜔 = 10% 
 

MLE 
Mean 1.4561 1.1091 1.1040 5.6951 
Bias 0.4561 0.1091 0.1040 0.6951 
MSE 1.4795 1.2673 1.2623 1.5482 

S 
Mean 1.1826 1.0118 1.0145 5.2634 
Bias 0.1826 0.0118 0.0145 0.2634 
MSE 1.3151 1.1080 1.1119 1.3058 

 
MM 

 

Mean 1.1632 1.0094 1.0092 5.2458 
Bias 0.1632 0.0094 0.0092 0.2458 
MSE 1.2919 1.0880 1.0856 1.2863 

  Mean 1.2008 1.0336 1.0324 5.2869 
 LTA Bias 0.2008 0.0336 0.0324 0.2869 
  MSE 1.3381 1.1255 1.1296 1.3268 
  Mean 1.1487 1.0077 1.0074 5.2392 
 REWLSE Bias 0.1487 0.0077 0.0074 0.2392 
  MSE 1.2707 1.0611 1.0660 1.2785 
       

  Mean 1.6647 1.2593 1.2552 5.8952 
 MLE Bias 0.6647 0.2593 0.2552 0.8952 
  MSE 1.6559 1.4262 1.4227 1.8184 

𝜔 = 30%  Mean 1.3577 1.0978 1.0995 5.4428 
 S Bias 0.3577 0.0978 0.0995 0.4428 
  MSE 1.4795 1.2336 1.2356 1.6058 
  Mean 1.3330 1.0727 1.0750 5.4236 
 MM Bias 0.3330 0.0727 0.0750 0.4236 
  MSE 1.4596 1.2153 1.2154 1.5821 
  Mean 1.3755 1.1224 1.1286 5.4622 
 LTA Bias 0.3755 0.1224 0.1286 0.4622 
  MSE 1.5085 1.2719 1.2693 1.6234 
  Mean 1.3265 1.0599 1.0577 5.4193 
 REWLSE Bias 0.3265 0.0599 0.0577 0.4193 
  MSE 1.4324 1.1997 1.1992 1.5765 
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Figure 1: The MSE of different estimators for 𝜷𝟎 with different percentages of outliers 

 

 

 

Figure 2: The MSE of different estimators for 𝜷𝟏 with different percentages of outliers 
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Figure 3: The MSE of different estimators for 𝜷𝟐 with different percentages of outliers 

Figure 4: The MSE of different estimators for 𝝋 with different percentages of outliers 
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Tables 1-6 show that for all estimators, the estimated values of the 

bias and MSE decreases when the sample size 𝑛 increases in all cases. 

However, when the dispersion parameter 𝜑 increases the bias and the 

MSE decreases for all estimators in all cases. Additionally, the 

estimated bias and MSE of all estimators are high with increasing the 

percentage values of outliers. It is also seen from Tables 1-6 and Figures 

1-4 that the MLE has the largest estimated bias and MSE in all cases. 

Furthermore, the REWLSE gives the better performance compared to 

the S-estimator, MM-estimator, LTA estimator since it has the smallest 

values of bias and MSE for all levels of outliers corresponding to 

different values of 𝑛 and 𝜑. 

6. Application 

In this section, consider a subset of the data available in Monllor-

Hurtado et al. (2017). The response variable (𝑦) is the tropical tuna 

percentage and the explanatory variable (𝑥) is the sea surface 

temperature. The data contains 77 observations in different points of the 

southern Indian Ocean in the year 2000. Figure 5 shows that the data 

contain outliers in the 𝑦-direction. 
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Figure 5: Outliers in the tropical tuna percentage (𝑦) 

The Kolmogorov test is taken into account for fitting the response 

variable to the beta distribution. The Kolmogorov test result with a test 

statistic equals 1.15 with p-value equals 0.071, validates the beta 

distribution applicability to this data. The estimated parameters and 

standard error (SE) of the estimators are showed in Table 7. 

Table 7: The estimated parameters and SE of the estimators 

Method 
Parameters   

𝜷𝟎 SE 𝜷𝟏 SE 𝝋 SE 

MLE -44.4282 10.1739 2.7989 0.4031 35.521 9.0654 

S -35.497 5.8172 2.1341 0.2131 25.324 4.158 

MM -32.465 4.7648 1.9744 0.1888 22.548 3.232  

LTA -39.550 6.5619 2.4786 0.2557 27.364 5.361 

REWLSE -30.851 4.564 1.8850 0.1685 22.214 3.145 
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From Table 7, it can be seen that when data contain outliers, the SE 

of the REWLSE is lower than the SE of the estimators: MLE,  

S-estimator, MM-estimator and LTA estimator. Therefore, the 

REWLSE has the better performance than all estimators.   

7. Conclusions 

In this paper, four robust estimation methods for beta regression 

model were suggested including the S-estimation, MM-estimation, 

LTA estimation, and REWLSE in the presence of outliers. A Monte 

Carlo simulation study and an application of tropical tuna percentage 

data set were provided to investigate the performance of the suggested 

methods. The results showed that the S-estimation, MM-estimation, 

LTA estimation, and the REWLSE methods gave better performance 

than the MLE in all considered cases. Additionally, the REWLSE 

ranked first with the lowest bias and MSE, then in the second rank was 

MM-estimator. 
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