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Abstract

This paper discussed the Bayesian estimation for the unknown
parameters, survival, hazard rate, and alternative hazard rate functions
of the discrete Zubair Weibull distribution. Informative priors (gamma
and beta) for the parameters of the distribution are assumed. The Bayes
estimators are derived under the squared error and linear-exponential
loss functions based on Type-II censored sample. Credible intervals for
the parameters, survival, hazard rate, and alternative hazard rate
functions are obtained. The Bayes predictors (point and interval) for the
future observation are obtained considering two-sample prediction. A
simulation study is performed using the Markov Chain Monte Carlo
algorithm for different sample sizes, and censoring rates to assess the
performance of the estimators. Moreover, three real data sets were

applied to investigate the flexibility and applicability of the distribution.

Keywords: Three-parameter discrete Zubair Weibull distribution;
Type-II censoring; Bayes estimators; Squared-error loss function;
Linear exponential loss function, Credible interval;, Bayesian

prediction; Monte Carlo simulation.
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1. Introduction

Sometimes in survival analysis, the survival function (sf) may be a
function of a count discrete random variable (drv) instead of being a function
of a continuous random variable (crv). There are several well-known discrete
distributions such as binomial, Poisson, and negative binomial distributions,
etc., but they are inappropriate for some situations. Thus, there is a need to
derive discrete distributions by discretizing the continuous distributions to fit
different types of data.

Many researchers introduced some discrete distributions as an alternative
to the continuous ones. For example, Nakagawa and Osaki (1975), Khan et
al. (1989), Mudholkar and Srivastava (1993), Kemp (1997), Roy (2003),
Krishna and Pundir (2009), Jazi et al. (2010),
Gomez-Deniz and Calderin-Ojeda (2011), Al-Huniti and AL-Dayian (2012),
Alamatsaz et al. (2016), Para and Jan (2018), Hegazy et al. (2018) and
Almetwally (2020).

The discrete Zubair Weibull (DZW) distribution has three parameters «, 8
and y was proposed by AL-Kashlan et al. (2023). They discussed different
properties and the estimation of its unknown parameters using the method of
maximum likelihood (ML).

The DZW distribution is very flexible since it has different shapes of the
probability mass function (pmf), hazard rate function (hrf) and alternative
hazard rate function (ahrf). The plots of the pmf are increasing, decreasing,
unimodal, left- skewed, right-skewed and decreasing, followed by unimodal
shapes, which give it flexibility in handling most real data sets. The hrf and
ahrf have various shapes, including decreasing, increasing, and unimodal
shapes.

If the random variable X has a DZW distribution, then the pmf and
cumulative distribution function (cdf) are given by
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oz(1_y(x+1>")2 _ ea(l—y(x)g)z

e
P(x;a,0,y) = pram] , x=012,.., ,6>0, 0<y<1, (1)
and
ea(1—y(x+1>9)2 B
F(x;a,G,y)=T, x=012,.., a,0>0, 0<y<1. (2)

The sf, hrf and ahrf of the DZW distribution are

ev — e"‘(l_"mg)2

s a,8y)=— 1T x=012., ¢,6>0 0<y<1, 3)

a(l—y("“)g)z _ ea(l—}’(x)g)z

h(x,a,0,y) = T ()9)2 x=012,., ,06>0, 0<y<1, 4
e — eA\177™
and
e — ea(l—y(")g)z
ah(x;a,0,y) =In (1 (H)B)z , x=012,.., 0,6>0 0<y<1. (5)
e — e\ 7"

In Bayesian analysis, the unknown parameter is regarded as being the
value of a random variable from a given probability distribution, with some
prior the knowledge about its value. [For more details, see Bhattacharya
(1967)].

Prediction of the lifetimes of future samples based on an informative
sample is very interesting for researchers, engineers, statistician, and other
applied scientists that use the prediction techniques for various purposes. The
future prediction problem can be classified into two types: one-sample and
the two-sample prediction, which is a special case of the multiple-sample
prediction problem. In this paper, two-sample prediction is considered.

Some references in the field of Bayesian estimation and prediction of future
observations for different lifetime models include Migdadi (2015), who
derived the Bayes estimators for the scale parameter of the discrete Rayleigh
distribution, Kamari et al. (2016) obtained a Bayesian analysis of the discrete
Burr distribution. Also, Ashour and Muiftah (2019) introduced Bayesian
estimation of the parameters of the discrete Weibull Type-I distribution,
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Hegazy et al. (2021) studied Bayesian estimation and prediction of the
discrete Gompertz distribution and El-Morshedy et al. (2021) presented a
discrete analogue of the odd Weibull-G family of distributions: properties,
classical and Bayesian estimation with applications to count data.

This paper aims to obtain the Bayesian estimation (point and interval) for
the unknown parameters, sf, hrf, and ahrf of the DZW («, 8,y) distribution
in Section 2. The Bayes estimators are derived under two types of loss
function: squared error (SE) as a symmetric loss function and linear
exponential (LINEX) as an asymmetric loss function. In Section 3, Bayesian
prediction (point and interval) is considered for a future observation of the
DZW(a,0,y) distribution under two-sample prediction. A numerical
illustration is presented in Section 4 to illustrate the theoretical results
developed in this paper.

2. Bayesian Estimation

In this section, the Bayes estimators for the parameters, sf, hrf, and ahrf of
the DZW (a,0,y) distribution based on Type-II censored samples are
derived, under two types of loss functions SE and LINEX loss functions.
Also, credible intervals (Cls) for the parameters, sf, hrf, and ahrf are obtained.

Let X(1) < X(2) < * < X3y denote a Type-II censored sample of size r

obtained from a life-test on n items of DZW (a, 8, y) distribution, then the
likelihood is

L{eix) {ﬂl’(xa}[s(x@))]" T ©

The likelihood function can be derived by substituting (1) and (3) in (6) as
follows:

(plx {H(wl wz)}(e -D"e*—w, """, x=012,..,¢>0, (7
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where ¢ is the vector of parameters «, 6 and y,

a(l—y(xl'ﬂ)g)z w _ea(l—y(xl')g)z
)

x)?
wy=e andw, = (1) )

If the parameters @ = (@1, P2, @3) = (a, 8,y) of the DZW distribution are

unknown and the joint prior of the parameters a and 6 is independent of the
prior of the parameter y. Then the joint prior distribution of ¢ is

m(¢) = n(a,0)n(y). ©
Assuming that the unknown parameters a and 8 are dependent, and using the

joint bivariate prior distribution which was used by AL-Hussaini and Jaheen
(1992) as follows:

n(a,0) = g.(a|8)g,(0) , a,0 > 0. (10)

Hence, the joint prior density function of « and 6 is given by

Gu
g1(alf) = @) a® le 0 a,0,a>0, (11)
and
bC
9:0) = 5 61 g7b0, 0,b,c > 0. (12)

Considering that the prior of y is beta distribution, then

m(y) « y¢ (1 —p) L. dqg>0 0<y<1. (13)

Substituting (11)-(13) in (9), then the joint prior distribution of ¢ is

T ((P) o qd-1 gatc-1 e—@(a+b) yd—l (1 — y)q—1’
a,0,a,b,c,d,g>0, 0<y<1, (14)

where a, b, ¢, d, q are the hyper parameters of the joint prior distribution.

The joint posterior distribution of ¢ can be derived by combining the

likelihood function in (7) and the joint prior distribution in (14) as given
below
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7 (@lx) < L (glx) = (o) 15)
=k g2~ 1 gatc-1 yd—l 9—9(a+b) (1 _ y)q—l

x ﬂ_[(w1 - wZ)} (%~ D™ [e® —w, "7, (16)
i=1

where w;, w,, w,. are given in (8) and k is the normalizing constant defined
by

= [0

®

— j a1 gatc-1 e—e(a+b) yd—l (1 _ y)q—l
®

x {]_[(w1 - wZ)} (e" = )" [e“ — w,]" ", a7
i=1

where

f(pz J S fy and d¢ = da do dy.

The marginal posterior distributions for the parameter can be obtained as
follows:

(pelx) = f n(glg) de;, e+j, £j=1,23. (18)
@

Point estimation

In this subsection, the Bayes estimators of the parameters, sf, hrf, and ahrf
based on
Type-1I censoring samples are considered under two different loss functions,
the SE and LINEX loss functions.
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2.1.1 Bayesian estimation under squared error loss function
a. Bayesian estimation for the parameters

The Bayes estimators of the parameters ¢ under the SE loss function are

the means of their marginal posterior distributions, which can be obtained
using (18) as follows:

Posey = E(pelx) = f e (olx)de
1)

— k_]- ©, aa—19a+c—1e—9(a+b)yd—1(1 _ y)q—l
@

X (e*—1)™" {H(W1 — Wz)} [e® —w, "7 de.
i=1

P1,92>0, 0<@p3<1 £=1,23. (19)
where ¢, = a, ¢, =0 and @3 =.

b. Bayesian estimation for the sf, hrf, and ahrf

The Bayes estimators of the sf, hrf, and ahrf under the SE loss function
can be obtained as given below:

Sesey = E(s(x0)|x)

— kfooaa—l (ea _ 1)—n—1 fm9a+c—1 6—9(a+b)f yd—l (1 _ y)q—l
0 0 0

X “_[(Wl - Wz)} [e® —w, """ (e — woq) dydbda, (20)

i=1

E(SE) = E(h(x)|x)

[e9) o3} 1
— kj aa—l(ea _ 1)—nj 9a+c—1e—9(a+b)f )/d_l(l _ y)q—l
0 0 0

X ) (wy —wy)t[e* —w, v T Wi— W2 dydfda, (21)
i=1

er — Wo1
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and
EJl(SE) = E(h1 (xo)lﬁ)
%) o] 1
— k_]- aa—l(ea _ 1)—nj 9a+c—1e—9(a+b)f )/d_l(l
0 0 0
—y)it

X “L[(wl - wz)} [e* —w, " "In [(M)] dydOda, (22)
i=1

e® —wq
where w;, w,, w,. are given in (8), k is defined by (17),

a(l—y(xO)e)z a(l—)/(x°+1)9)2

Wo1 = e and Wgoo = e
2.1.2 Bayesian estimation under linear exponential loss function

Considering the LINEX loss function, the Bayes estimators of the
parameters, sf, hrf, and ahrf are derived below.

a. Bayesian estimation for the parameters

The Bayes estimators of the parameters ¢ under the LINEX loss function

arc
-1
(p;(LINEX) = 7ln{E(e‘(”§0f)|£)}
-1
= — —(vpp)
" ln{f(pe ¢ n(@&) dﬂ}
= __ln {f k e—(Wpe) ad 1 gatc-1 e—@(a+b) yd—1 (1
v @
— )
X [H(Wl - Wz>} (e — )" [ — w, " dgy.
i=1
L9, >0, 0<@p3<1, ¢£=1,23. (23)

where v is constant and v # 0.
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b. Bayesian estimation for the sf, hrf, and ahrf

The Bayes estimators of the sf, hrf, and ahrfunder the LINEX loss function
can be obtained as follows:

-1
S(LINEX) = 7 ln{E(e—vs(xo) IE)}
-1 o oo 1
=—In {f k aa—l (ea _ 1)—nf 0a+c—1 e—e(a+b)f yd—l (1 _ y)q—l
v 0 0 0
X Ty (w1 — wy)} [ — wy]nT () dydodal, (24)

-1
h(LINEX) = TIn{E(e—vh(xo)E)}
_1 0 oo 1
=—1In {f k a1 (ea _ 1)—nf gatc-1 e—9(a+b)f yd—l (1 _ y)q—l
v 0 0 0
T ()
x| Jows = wat te — w1 e ™e"=wr) aydoda | (25)
i=1
and
* _ -1 —vah(xg)
ah(uinex) = o In{E(e |x)}
_1 %) o0 1
=—In {f k a® 1 (e“ _ 1)—nf ga+tc-1 e—@(a+b)f }/d_l (1 _ y)q—l
v 0 0 0

x {ﬁ(wl - wz)} [e® — w, ] (e"‘ - wcl)_v dydeda}. (26)
i=1

er — Wo2

where w;, w,, w,. are given in (8), k is defined by (17),

a(l—y(xO)e)z a(l—)/(x°+1)9)2

WO]. =e and WOZ =e

The Bayes estimates of the parameters, sf, hrf, and ahrf can be obtained by
solving (19) - (26) numerically.
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3. Credible interval

In this subsection, the credible intervals for the parameters ¢ of the DZW

distribution are derived.

In general, [L{;(g) <@, < Ug(§)|£], is a 100 (1 — 7) % credible intervals
for ¢ if

Ue(x)
[Le(x) < 00 < U(@)] = | L, @ de =1 £=123 @7)

Le(x
The lower and upper bounds [L{) (5), U (5)] can be obtained by evaluating

T
Plpe > Ly(x)|x] =1 - >

and
T
Ploe > Up(x)lx] = 3.

Then a two sided 100(1 —7)% ClIs for a of the DZW distribution is
[L4(x), Ux (2)].

P[a > L, (§)|§]

= kf a®1(e®* — 1)‘"f
Ly(x) 0
—y)it

[ee)

1
9a+c—1e—9(a+b) f ]/d_l(l
0

X {L_l[(wl — wz)} [e® —w, " "dydOda = 1 — % (28)

and

o0 [e¢] 1
P[a > Ul(ﬁ)lﬁ] =k aa—l(ea _ 1)—nJ- 0a+c—1e—9(a+b)f yd_l(l _ y)q—l
0

Us(x 0

x {H(wl - WZ)} [e% — w, " dydOda = % (29)

i=1
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A 100(1 — 7)% ClIs for 8 of DZW is [L,(x), U(x)],

P[G > LZ(E)lE] =k 0a+c—1e—9(a+b)f

o 1
aa—l(ea _ 1)—11-[ yd—l(l _ y)q—l
La(x 0 0

X {L_l[(wl — Wz)} [e* —w, " Tdydadf =1 — %, (30)

and

P[B > U, (£)|£] =k ga+c—1e—9(a+b)f
Uz(x) ]

[oe]

1
aa—l(ea _ 1)—nf yd—l(l _ y)q—l
0

X {E{(wl - WZ)} [e% — w, " dydadd = % 31)

A 100(1 — 7)% ClIs for 8 of DZW is [L3(x), Us(x)],
Ply > Ls(x)|x]
1 co
— kf ]/d_l(l _y)q—lf aa—l(ea
L3(x) 0

1
_ 1)—nf 9a+c—1e—9(a+b)
0

X {L_l[(wl — Wz)} [e* —w, " TdOdady =1 — %, (32)

and

1

Ply > Us(x)|x] = k Y@ -yt f

oo 1
aa—l (ea _ 1)—nf 0a+c—le—9(a+b)
U3(x) 0 0

X {Q(Wl - Wz)} [e* —w, " TdOdady = % (33)

where wy, w,, w, are given in (8) and k is defined by (17).

To obtain the two-sided 100 (1 — 7) % ClIs for ¢ , Equations (28) - (33) can
be solved numerically.
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4, Bayesian Prediction Based on Two-Sample Prediction

In this section, the Bayes predictor of the observation Y5),s = 1,2,...,m
of DZW (a, 6,7) are obtained based on Type-II censored sample.

Assume that X = (X(1) < X(3) < - < X(y) represent the informative
sample and independent of the future ordered sample of size m, Y = (¥; <

Y, < -+ <Y,) from the same distribution. The conditional pmf of s** order
statistic is

m! F(y(s))

" (y(s)@) T G-DI(m—>s) F(y(s)—l)vs—l(1 SO

| m—s — 1 s+j
G- 1)sz—s)!2j=0 ") S e [[F )]

~[F(re - 1)]S+j]

B m! Zm—s(m—s) 1y 1 [[wy - 11"
T =DIm—-s)Lij— \ J ( )s+j e?—1
Wi2_15+j
er—1 ’
s=1,2,...,.m. (34)
where
a —(ys+1)92 a —(ys)gz
Wi = e (ly ¢ )andwi2=e(1y ¢ > (35)

Considering ¢ are unknown and independent, then the Bayesian predictive

mass (BPM) function of Y() given x is given by

h(y|x) = fg h (}’(s) Q) ﬂ(g|§) do, y5=01,.,5s=123, .. m (36)

The BPM function of Y, given x can be obtained by substituting (16) and
(34) in (36) as follows:
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h(yes|x)

(5—1)'(m—5)'f f f{ )( 1)Js+1
y ea__;s-l‘]
wi, — 1

s+j
pr 1] l} aa—l 9a+c—1e—6’(b+a) yd—l (1 _ y)q—l

X (e*—1)™" {n(wl wz)} [e® —w,.|™ " dydfda,

Y(s) = 0,1,2, vy, S
=1,2,3,..,m, (37)

where wy, w, and w,. are given in (8).

5. Point predictor

The Bayes point predictor is derived under two types of loss functions
SE and LINEX loss functions.

a. Squared error loss function

The Bayes predictor (BP) for the future observation Y, under the SE
loss function, can be derived as given below

Joese = E(Yelx) = Z Vis) R(¥slx)
Y(s)=0

B (s—l)'(m S),Zy(s)j j j{ )(_ )]s+]

Y=
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_ s+j o S+j
[ Wiq 1] _ Wio 1] l }aa—19a+c—le—9(b+a’)yd—1(1
e —1 e —1

— y)q_l

X (e*—1)™" {H(Wl — WZ)] [e* — w, " "dydbda,
i=1

Y(s) = 0,1, Y
=1,2,3,..,m. (38)

b. Linear exponential loss function

The BP for the future observation Yis) under the LINEX loss
function can be obtained as follows:

e}

* _1 — -
Y(s)(LINEX) =7IH{E (e vy(s)lﬁ)} = z e vy(g)h@’(s)l&)
Y(s)=0

B | 00 o poo 1 m-—s — .
=k71(s—1)r!r€m—s)!ln z e_vy(S)Jo Jo -[o {zj=0 (mf S)(_l)]s'li']'

Y(s)=0
l Wiy — 1%

e —1

—115t]
V:fzz_ ;] l} aa—l 9a+c—1 e—B(b+a) yd—l (1
— y)q_l

X (e*—1)™" {n(wl — wz)} [e® — Wr]""rdydBda},
i=1

y(s) = 0,1, ey S
=1,23,..,m (39)

(PRINT) :ISSN 1110-4716 237 (ONLINE): ISSN 2682-4825



VoYY suig AU ) Jagaill g 5 ladl) dsalel) dlaal)

6. Bayesian predictive bounds

A 100(1-1)% Bayesian predictive bounds (BPB) for the future
observation Y(y), is

U(s)(ﬁ)
PlLesy(x) < Y5y < Ug()1x] = Z h(yglx) =1-1.

L(s) (ﬁ)
The lower and upper bounds [L(S) (&), Us) (&)] can be obtained by evaluating,
& T

P[Y(s) > L(s)(&)l&] = ZL( )(x) h(y(s)lﬁ) =1- 2

oo ®© oo o1 Mm=s m — .
=k(s—1)7!rz!m—s)!zL(s)(£)]0 J;) J;) {Zj=o (mj S) (_1)Jsj-j

Wiq — 1 S+j Wir — 1 S+j
% [ e;l_ 1] [e;z_ 1] l}aa—l gatc—1 e—@(b+a) yd—l (1 _ y)q—l

2
s=12,..,m, (40)

r
X(e*—1)™" {H(Wl - Wz)} [e* —w, " " dydfda =1 — Z,
i=1

and

P¥es) > Ut (2)12] = ZU( @

! 9@ (° r° i (xms m— .
=k(s—1)7!r€m—s)!zz() J;) J;) —[(){Zj=0 (mf S)(_l)]s-li-j

S+j s+j
% [ Wi — 1] [‘:;2__11] l} aa—10a+c—1e—9(b+a)yd—1(1 _ y)q—l

[ee)

T
h(yeslx) = 5

e —1
-

T
X (e*—1)™" {H(W1 — Wz)} [e* —w, " TdydOda = >
i=1
s=12,..,m (41)

BPB can be obtained by solving the previous equations numerically.
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7. Numerical Study

This section aims to investigate the precision of the theoretical results
of the Bayes estimates and predictors through the Markov chain Monte
Carlo (MCMC) simulation study and some applications.

MCMC method: The multiple levels of integration are necessary to
obtain the normalizing constant k and the marginal posterior densities. For
complicated models, these integrations are often analytically intractable,
and sometimes even a numerical integration cannot be directly obtained.
In these cases, MCMC simulation is the easiest way to get reliable results
without evaluating integrals [see Gelman ef al. (2003)]. The MCMC
methods are used to do simulations based on constructing Markov Chain
and are widely applied for physics, statistics, biology, genetics,
cryptography, and others. A MCMC algorithm that is particularly useful
in high dimensional problems is the alternating conditional sampling
called Gibbs sampling. Each iteration of the Gibbs sampling cycles
through the unknown parameters, drawing a sample of one parameter
conditioned on the latest values of all the other parameters. When the
number of iterations is large enough, the samples drawn on one parameter
can be regarded as simulated observations from its marginal posterior
distribution. Functions of the model parameters, such as the sf, hrf, and
ahrf of the lifetime distribution can also be conveniently sampled.
Posterior inference can be computed using sample statistics.

8. Simulation study

In this subsection, a simulation study is conducted to illustrate the
performance of the Bayes estimators and two-sample predictors (point and
interval) for a future observation using the MCMC method based on the
generated data from the DZW(«, 8, y) distribution. The Bayes averages,
relative absolute biases (RABs), estimated risks (ERs), and 95% Cls for
the parameters, sf, hrf, and ahrf based on Type-II censoring are calculated.
All the computations are performed using the R programming language.
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The following steps are used to generate Type-II censored samples
from DZW («, 0, y) distribution as follows:

e The transformation between the uniform distribution and DZW
distribution is

Q|

1
2

a

In [1 _ (ln[u(e“ -1+ 1])

Ilny

e Several data sets are generated from the DZW distribution for a
combination of the population parameter values (@ = 3,0 = 0.5,y =
0.3) and (a = 2,0 = 0.5,y = 0.9) where the samples of size (30, 60 and
100) are used. For each sample size, the uncensored level is 70% and
100%. and number of replications (N) = 10000 for each sample size.

e (Calculate the Bayes estimates of the parameters, sf, hrf, and ahrf under
the SE and LINEX loss functions.

e The Bayes averages, RABs, and ERs of the Bayes estimates for the
parameters, sf, hrf, and ahrf are computed as follows:

N .
Yi—, estimated value
Average = ==1 ~ ,

|bias (estimated value)|

RAB =

true value ’

,(estimated value—true value)?
" .

o The Bayes predictors (point and interval) for a future observation from the DZW
distribution based on Type-II censored data are computed for the two-sample case.

. . wN
Estimated risk = ==
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Bayes averages, RABs, ERs, and 95% ClIs for the parameters a, @ and y under SE and LINEX loss functions

Table 1

o gaill g 5 laill dpalal) dlnal)

based on Type-II censoring for different samples of size n, (N = 10000, a = 2,0 = 0.5andy = 0.9)

R OIPIRDIDRIRIIKRDIIRDIIRDR S

Average
2.00242
0.49910
0.89845
1.99791
0.50058
0.89874
1.99791
0.49928
0.89896
1.99803
0.49943
0.90095
2.00107
0.49951
0.89906
1.99925
0.49973
0.89990

RAB
0.00121
0.00180
0.00172
0.00105
0.00116
0.00140
0.00105
0.00144
0.00115
0.00098
0.00113
0.00106
0.00054
0.00099
0.00105
0.00038
0.00054
0.00011

ER
0.00235
0.00033
0.00096
0.00175
0.00013
0.00063
0.00175
0.00021
0.00043
0.00155
0.00012
0.00036
0.00046
0.00010
0.00036
0.00023
0.00005
0.00001

SE

UL
2.00400
0.50179
0.90023
1.99968
0.50155
0.89985
1.99991
0.50139
0.90051
1.99977
0.50022
0.90176
2.00205
0.50032
0.90015
1.99998
0.50058
0.90041

LL
1.99955
0.49633
0.89591
1.99606
0.49935
0.89687
1.99608
0.49741
0.89679
1.99649
0.49805
0.89985
1.99971
0.49808
0.89721
1.99827
0.49870
0.89889

Length
0.00445
0.00546
0.00432
0.00362
0.00220
0.00298
0.00382
0.00398
0.00372
0.00328
0.00216
0.00191
0.00234
0.00224
0.00294
0.00227
0.00184
0.00218

241

Average
1.99825
0.50104
0.90136
2.00120
0.49915
0.90084
1.99841
0.49944
0.89930
1.99918
0.49960
0.90060
2.00074
0.50020
0.89975
1.99932
0.49988
0.89956

RAB
0.00087
0.00209
0.00151
0.00060
0.00171
0.00094
0.00079
0.00111
0.00078
0.00041
0.00080
0.00066
0.00037
0.00040
0.00024
0.00034
0.00025
0.00049

LINEX (7= 0.5)

ER
0.00122
0.00043
0.00074
0.00058
0.00029
0.00028
0.00101
0.00012
0.00020
0.00027
0.00006
0.00014
0.00022
0.00002
0.00002
0.00019
0.00001
0.00008

UL
1.99999
0.50323
0.90272
2.00279
0.50022
0.90207
1.99945
0.50089
0.90035
2.00012
0.50025
0.90184
2.00206
0.50146
0.90086
2.00024
0.50042
0.90027

LL
1.99599
0.49902
0.89992
1.99929
0.49705
0.89972
1.99673
0.49802
0.89776
1.99766
0.49825
0.89952
1.99945
0.49874
0.89843
1.99803
0.49862
0.89870

Length
0.00400
0.00421
0.00280
0.00350
0.00318
0.00235
0.00272
0.00287
0.00259
0.00247
0.00200
0.00232
0.00261
0.00272
0.00244
0.00221
0.00180
0.00157
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Bayes averages, RABs, ERs, and 95% CIs for the parameters a, @ and y under the SE and LINEX loss functions
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Table 2

Jagaill g 5ladl) dpalal) dlaal)

based on Type-II censoring for different samples of size n, (N = 10000, « = 3,0 = 0.5andy = 0.3)
LINEX(v=0.5)

Average
2.99758
0.50162
0.30161

3.00108
0.50069
0.29905
2.99813
0.50051

0.30092
3.00092
0.50042
0.30022
2.99902
0.49969
0.30067
3.00079
0.49971

0.30006

RAB
0.00081
0.00324
0.00538
0.00036
0.00138
0.00317
0.00062
0.00102
0.00306
0.00031
0.00084
0.00074
0.00033
0.00061
0.00222
0.00026
0.00057
0.00019

ER
0.00235
0.00105
0.00104
0.00046
0.00019
0.00036
0.00140
0.00010
0.00034
0.00034
0.00007
0.00002
0.00039
0.00004
0.00018
0.00025
0.00003
0.00000

SE
UL
2.99913
0.50236
0.30302
3.00261
0.50164
0.30031
2.99990
0.50139
0.30225
3.00222
0.50114
0.30098
3.00042
0.50041
0.30169
3.00212
0.50026
0.30056

LL
2.99572
0.50003
0.29991
2.99938
0.49959
0.29737
2.99674
0.49942
0.29929
2.99955
0.49949
0.29902
2.99770
0.49853
0.29919
2.99960
0.49875
0.29864

Length
0.00341
0.00233
0.00311
0.00323
0.00205
0.00294
0.00317
0.00197
0.00296
0.00267
0.00165
0.00196
0.00272
0.00188
0.00250
0.00252
0.00151
0.00192

242

Average
3.00225
0.49879
0.29823
2.99815
0.50075
0.30139
2.99868
0.50063
0.30094
2.99921
0.49948
0.30073
3.00076
0.50044
0.30034
2.99979
0.50046
0.29976

RAB
0.00075
0.00243
0.00590
0.00062
0.00150
0.00466
0.00044
0.00125
0.00314
0.00026
0.00105
0.00242
0.00025
0.00089
0.00114
0.00007
0.00092
0.00080

ER
0.00203
0.00059
0.00125
0.00137
0.00023
0.00078
0.00070
0.00016
0.00036
0.00025
0.00011
0.00021
0.00023
0.00008
0.00005
0.00002
0.00008
0.00002

UL
3.00322
0.50005
0.29952
2.99986
0.50199
0.30220
2.99999
0.50188
0.30166
3.00005
0.50044
0.30140
3.00189
0.50126
0.30126
3.00056
0.50102
0.30054

LL
2.99991
0.49688
0.29700
2.99655
0.49930
0.29988
2.99738
0.49939
0.29949
2.99805
0.49812
0.29958
2.99930
0.49911
0.29941
2.99879
0.49976
0.29879

Length
0.00331
0.00317
0.00252
0.00330
0.00270
0.00233
0.00261
0.00249
0.00217
0.00199
0.00232
0.00181
0.00259
0.00215
0.00184
0.00177
0.00126
0.00175
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Table 3

Bayes averages, RABs, ERs and 95% ClIs for the sf, hrf, and ahrf under the SE and LINEX loss functions
based on Type-II censoring for different samples of size n, (N = 10000,xo =1, a =2,0 =0.5andy = 0.9)

SE LINEX(7=0.5)

n r sf, hrf and ahrf | Average RAB ER UL LL Length = Average RAB ER UL LL Length
5" (x0) 0.99666  0.00251 0.00252 ' 0.99920 = 0.99371 = 0.00549 = 0.99697 = 0.00221 = 0.00195 = 0.99905 | 0.99526 @ 0.00380

h*(xo) 0.00017 =~ 0.92525 = 0.00187 ' 0.00119 -0.00074 = 0.00194 = 0.00059 @ 0.74939 0.00123 = 0.00198 | -0.00027 = 0.00224

21 ah’(xq) 0.00453 0.93463 0.00191 @ 0.00586  0.00217 = 0.00369  0.00364 0.55384  0.00067 = 0.00508 0.00157 = 0.00351

5" (x0) 0.99985  0.00208 = 0.00173 ' 1,00225 0.99958 @ 0.00268 @ 0,99810 @ 0.00108 0.00046 = 0.99967 | 0.99675 @ 0.00262

30 h*(xo) 0.00379 = 0.62196 = 0.00085 @ 0.00480 0.00295 @ 0.00185 | 0.00335 = 0.43161 | 0.00041 = 0.00433 = 0.00210 = 0.00223
30 ah*(xg) 0.00430  0.83770 = 0.00154 @ 0.00569 0.00214 @ 0.00356 0.00362 = 0.54906 0.00066 = 0.00540 | 0.00190 = 0.00350

5" (x0) 0.99688  0.00230 = 0.00211 ' 0,99931 0.99537 @ 0.00394 0,99727 @ 0.00191 = 0.00146 = 0,99916 | 0.99620 = 0.00296

h*(xo) 0.00284  0.21372 = 0.00010 = 0.00381 0.00216 @ 0.00165 0.00146 = 0.37385 0.00031 = 0.00232 | 0.00046 = 0.00186

2 ah*(xg) 0.00395 = 0.68832 = 0.00104 @ 0.00499 0.00256 @ 0.00243 | 0.00330 = 0.40888 | 0.00037 = 0.00502 = 0.00208 = 0.00295

S$*(x9) 0,99788  0.00129 = 0.00067 @ 0.99900 0.99662 @ 0.00237 | 0,9987  0.00060 = 0.00014 = 0,99956 @ 0.99662 | 0.00211

60 h*(xg) 0.00283  0.21118 | 0.00009 @ 0.00377 0.00215 & 0.00162 @ 0.00268 ' 0.14729  0.00005 = 0.00356 | 0.00215 = 0.00176
60 ah*(xg) 0.00362 = 0.54675 = 0.00055 @ 0.00485 0.00259 @ 0.00226 0.00325 @ 0.38836  0.00033 = 0.00430 | 0.00259 = 0.00252

S5 (x0) 0,99860  0.00058 = 0.00013  0,99974 0.99699 @ 0.00275 | 0,9987  0.00060 ' 0.00015 0,9951 0.99769 = 0.00182

h*(xg) 0.00278  0.18820 = 0.00008 @ 0.00337 0.00220 @ 0.00117 | 0.00312 = 0.33469 | 0.00024 = 0.00390 = 0.00228 | 0.00161

70 ah*(xg) 0.00336 ~ 0.43702 = 0.00042 = 0.00445 0.00250 @ 0.00195 0.00285 @ 0.21892 0.00010 = 0.00390 | 0.00192 = 0.00198

S5 (x0) 0,99934  0.00017 = 0.00001 = 1,00027 0.99819 @ 0.00208 | 0,99975 @ 0.00057 ' 0.00013 1,00067 | 0.99892 | 0.00175

100 h*(xg) 0.00252 ~ 0.08186 ' 0.00001 @ 0.00311 0.00186 ' 0.00125 @ 0.00256 = 0.09663 = 0.00002 = 0.00331 0.00203 = 0.00128
100 ah*(xp) 0.00287 = 0.22808 = 0.00011 @ 0.00364 0.00217 @ 0.00147 @ 0.00333 = 0.42317 0.00039 = 0.00414 | 0.00252 = 0.00162

243
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Table 4
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Bayes averages, RABs, ERs and 95% ClIs for the sf, hrf, and ahrf under the SE and LINEX loss functions

based on Type-II censoring for different samples of size n, (N = 10000,xo =1, a =3,0 =0.5andy = 0.3)

sf, hrf and
ahrf

Average

+,90YA4
CAYOY)
216444
+,40£44
CAYoY £
DRRZ.Y-A
v,90¢.1
CAFAVY
Lidove

9000V
IYOAR
Y644

v,90701
ALY
~,\i‘q0
UQOT~V
AR MY-R
GYEVYY

RAB

ER
e Y8
eeyot
U~~qu

Ceeatd
oA

e A
eeadn
v,eaado
v,eeYYo

ey

RS

NN

et
ey

v,eed o

e A

NASRY

ey

SE

UL
+,904Y1
VYveéo
~,\0\Y°
+,400AY
GATVaE
Y649
v,q00V.
Ygeot
ARAARS

+,9070Y
GITYYY
Yeve)d

UQOVVQ
CATA
GYEAGA
”ﬂov~\
CATVEA
GYEAYE

LL

+,40011
S IYYIA4
GYEVEY

+,90YYA
SITYoA
YEVoA
Uq0Y~V
AR Y-A!
GYevae

.,30719q
AT
L E0Y

v,4000Y
GiYe.
YE0AA
+,9000A
DR E-EA
AEAR

244

Length

el
ey
U~~VAV
,eaYog
EEEAN
,e e YYY
;v e YA
gy
Yoo

G YAY
LTy

v Al

,o v YAY
,eeY40
,o e YY)
n~~ﬁAY
e Yy
U~~\VA

Average
quiqv
YAy
SAFLRK]
408V
”\Tﬂ~~
GYEAVY
908V
+,\Yooo
GYEAYE

+,4001%19
SITIVY
) evay

+,90¢49A
SITAYVY
HYEAYO
+,d00VY
SIYIAY
YEVYA

RAB

gy
COIYAY

vyt
Yy
YRy
U~~VA\
Al
NIRRT
e gy

e to
A A
v, Yol

R Tt
O CTAY

SRR EE:
NEEERR
”~~\Vi
vyeaYog

LINEX(»=0.5)

ER

CeeaVe
IR

N IR
RN T
”~~\VV
ey
RN T
oY A
e

RSN,
Jeanend

Seaaat

Jeeat
JeeaYo

NSy

Va0

eeaa Vg

o))

UL
quAﬂq
GYéyey
U\°~ﬁ\
v,q00VY
CYECAY
)eavn
Uq0T~A
CATYY.
+,)é4v4

nqeinA
SIYYeY

SYE4Y .

v,407.0
SIYAYA
)¢90
v,9011Y
GIYYAS
GYEAWY

LL
v,q00¢Y
STV
SYEVEA
v,90YVo
AR AR
YAy
v,qo0v01
ST
GHYEVYE

A084Y
GIYOTA
Y9y

+,407A4
SIFIVA
GYEVYY
v,q00Y.
Sivaye
SYant.

Length
NN AR
NS £+

YRR
vy, Yov
GeaYEA
U~~qu
vy, Yoy
NN AL
v,eaYYO

eV T
U~~\A5
G

e
CeaYo.

”~~\AV
eV EY
eeyot
)€Y



Yovy g AUl and) Jagail) g 5 jladl) dsalell dlaal)

Table 5
Bayes point predictors and 95% credible intervals for the future observation from the
DZW distribution under two-sample prediction
(N =10000,n =100, r =70,m = 25)

SE LINEX(v = 0.5)
s Vs LL UL Length Veny LL UL Length
1 01986 0.1974 0.19982 | 0.0024 0.2003 0.1996 0.2012 0.0016
13 53979 5.3968 5.4002 0.0034 5.3996 5.3986 5.4005 0.0019
25 | 149994  14.9977 150012 00036  15.0006 149994 | 15.0016 0.0022

9. Applications

This subsection aims to demonstrate how the proposed method can be used in
practice. Three real data sets are used for this purpose. The DZW(«, 8,y) distribution
is fitted to this data using the Kolmogorov-Smirnov goodness of fit test through
Mathematica 11.

Application I

The first data set consists of the 2003 final examination marks of 48 slow space
students in mathematics at the Indian Institute of Technology at Kanpur. These data are
given by Gupta and Kundu (2009).

The data are: 29, 25, 50, 15, 13, 27, 15, 18, 7,
39, 15, 14, 70, 44, 6, 23, 58, 19, 50, 23, 11, 6,
65, 19, and 31.

7,8,19,12
34, 18, 28, 34,

Application II

The second data set refers to the survival times of 44 patients suffering from head and
neck cancer who retreated using a combination of radiotherapy. These data are proposed
by Afify et al. (2021).

The data are: 12, 32, 37, 24, 24, 74, 81, 26, 41, 58, 63, 68, 78, 47, 55, 84, 155, 159, 92,
94,110, 127, 130, 133, 140, 112, 119, 146, 173, 179, 194, 195, 339, 432, 209, 249, 281,
319, 469, 725, 817, 519, 633, and 1776.

Application III

The third data represents 40 observations of time-to-failure (103h) of a turbocharger
of one type of engine. These data are provided by Xu et al. (2003).

The data are: 2, 2,3,3,3,4,4,5,5,5,5,5,5,5, 6,6, 6,6,6,6,7,7,7,7,7,7,7,7, 8, 8,
88,8,8,8,8,8,9,9,9, and 9.
Kolmogorov—Smirnov and the x? goodness of fit test are applied to check the validity of

the fitted model. The p-values are given, respectively, by 0.8375, 0.9430, and 0.3650.
The p-value given in each case showed that the model fits the data very well.
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Table 6
Bayes estimates and standard errors of the parameters for the real data

sets based on Type-II censoring

s SE LINEX(v = 0.5
Applications n r @ . . ( )
- Estimates = standard Estimates standard
errors errors
a* 0,~~\i ~,~~£V G,nn\\ n,nn"‘O
0*
e V, e VAV YRR V,e N4y v, e Y8
y*
I i,/\**“ v,ea 0 ~,*~~Y ~,~~i\
¢A a* £,444YV S o) £,449A4 R
0*
¢A V,004¢ T Y, 184 T
y*
AWy SEEY +,A440 Ve
a* YooY DO A Y,oe V8 v Yy
0*
vy . 844y R v ,894Y ERA
Y
II i,/\*/\/\ ~,~n£/\ i,/\**“ e n"‘"
if a* \,***h nl,~i‘~i *,nn\* i,nn"‘\
0*
¢4 . VoY e S o) v ,644. v,ea Y4
Y
~,*~\i ~,~i£5 ~,*~~" ~,~~Y‘i
a* ¥,44414 v,ea 0y Y,oee0 v,ea 8
0*
YA V,44414 vy,ea YA )y,44va v,ee e
y*
11 A ety AT G FA
i. a* “,nnni ~,~i£‘~ *,***" ~,~~iY
0*
I V,444A S o ) V,444¢ ER A
,y*
YAAA IEREA] DRARR v YA
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Table 7
Bayes estimates and standard errors of the sf, hrf, and ahrf for the real data

sets based on Type-II censoring

N SE LINEX(v = 0.5
Applications n r sf, hrf - - ( )
and ahrf Estimates standard Estimates standard
errors errors
S*(xo) ~,°l‘\‘\i ~,~~2Y‘ ~,°l‘\/\i ~,~~i~
NN Ceage RSN NN §
1 ah* (xg) NN A eés e YA eegn
A S* (o) +,449A0 et 49494 NS
et et et e Y9
¢tA | h'(xg)
ah’ (x,) ¥t Ty e Ye NN &
§* (%) +,49v1 e EA +,494v Y
¥ v, ve09 e OA YA NN
h*(x0)
e EA ety NN g
11 ‘s ah*(xg)
§*(x0) 49A¢ e gd +,444. e g
¢ ¢ vyeeYd v,eego e YA IEEEAS
h*(xo)
ah’ (x,) gy Ceage gt NN K
S*(xo) ~,°l\/ii ~,~~i1 ~,‘WW‘\/ ~,~~Ylﬁ
A R (xo) «,aVYo NN 4 e VE NN A
111 ah* (xg) eVvY e 0) vy e gt
(]
i~
S*(xo) ~,QVT~ ~,~~T‘/\ ~,QVTV ~,~~T‘V
Ve NN A NN A RS
¢ h'(xg)
«eVot Y RENYAPN NN A
ah*(xo) ) ) ) )
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Table 8

Bayes point predictors and 95% credible intervals for the future
observation from the DZW distribution under two-sample prediction

for three applications

SE LINEX(v = 0.5)

Applications s Vs LL UL Length yz 9 LL UL Length

I

m

1 02002 0194 02013 00019 01997 01990  0.2005  0.0015
23 74990 74978  7.5003  0.0024 ~ 7.4989 @ 74979  7.5001  0.0022
45 20,0005  19.9985  20.0017  0.0032 19.9995 = 19.9981  20.0010  0.0029

1 03009 0299 03021 00025 02993 02982 03004  0.0022
18 48005 47990  4.8024  0.0034 47991 47974 48005  0.0031
35 14902 148989  14.9041  0.0042 149001  14.8981  14.9016  0.0035

1 05013 05004 05026  0.0022 04989  0.4982 05001  0.0019
13 23994 23981 24005  0.0024  2.4004 23994 24014  0.0020
25 9.0004 89989  9.0019  0.0027  9.0009  9.0000  9.0024  0.0023

10. Concluding remarks

1)

2)

3)

It is observed from Tables 1, and 2 that the RABs and ERs of the
Bayes averages for the parameters «, 8, and y perform better when
the sample size increases and the level of censoring decreases. The
lengths of the credible intervals get shorter when the sample size

increases and the level of censoring decreases.

It is noticed from Tables 3, and 4 that the RABs and ERs of the Bayes
averages; for the sf, hrf, and ahrf perform better when the sample size
increases and the level of censoring decreases. The lengths of the
credible intervals become narrower when the sample size increases

and the level of censoring decreases.

From Tables 5, and 8, one can observe that the length of the interval

of the first order statistic is smaller than the length of the interval of
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the last order statistic. Also, the BPB include the predictive values

between the (LL and UL).

4) The lengths of the intervals of the Bayes predictors under the LINEX
loss function are less than the lengths of the intervals of the Bayes

predictors under the SE loss function.

11. Conclusion

In this paper, Bayesian estimation and prediction (point and interval) for
discrete Zubair Weibull distribution under Type-II censored data are
proposed. Informative priors (gamma and beta) were used to estimate the
unknown parameters, survival function, hazard rate function, and alternative
hazard rate function under SE loss function as a symmetric loss function and
the LINEX loss function as an asymmetric loss function. The performance of
the Bayes estimates was examined through some measurements of accuracy.
From the numerical results, it is concluded that the Bayes estimates perform
better when the sample size increases. Moreover, the Bayes estimates under
the LINEX loss function behave quite close to the corresponding estimates
under the SE loss function. The Bayes predictors (point and interval) for a
future observation from the DZW distribution based on Type-II censored
sample are derived. Also, three real data sets were applied to show the

applicability and flexibility of the distribution in practice.
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