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Abstract

Accurate estimates of elasticities of substitution require not
only arbitrarily accurate approximations of the consumer's true indirect
utility function, but also its derivatives, Because of their flexibility
and consistency with both the theory of utility maximization and the theory
of statistics, the truncated versions of the Fourier form (Gallant [1981])
are tractable for modeling consumer behavior in general and in yielding
3 consistent estimate of Allen's elasticity of substitution (AES) 1in
particular. On the other hand, the problem of estimating the asymptotic
standard errors of the AES is almost ignored in the literature; this may be
because of the nonlinearity of the function or because of the substantial
econometric sophistication required in their estimation. In this paper
the methodology of computing the AES and its asymptotic standard errors
for the entire sample period are presented.

Equally important is the issue to which we apply the Fourier Flexible
form; this is the substitutability dfilong monetary assets.- We conclude,
in the empirical part of this paper, that for the demand for liquid assets
(a) the Fourier model safisfies the restrictions of consumer theory, and
the elasticities of substitutions, (b) are generally low, and (c) suggest
that "Hike asséts" are closer substitutes than unlike assets. We also
confirm the existence of "institutional loyalty" among the holders of

hquid assets.



“Toward a Consistent Estimate of the Substitutabi]ity
betwgen Money and Near Monies;
An Application of the Fourier Flexible Form" #

L. latroduction

Recently, the issue of money and near monies substitutability/comple-
mentarity relationship has attracted a great deal of attention in the 1it-
eralure (sce Feige and Pearce [21] for a general review). An important
reason for this interest is the poor performance of the traditional model
of the demand for money; in particular it has been (apparently) unstable
over the 70's. Even a recent redefinition of money by the Federal Reserve
has nol wurked well and the (apparent) inability of the Federal Reserve
to conduct a strong monetary policy has induced further pressure and has
called for a re-examination of the traditional analytical models and the
methodoloyy of defining money. One feasonab]e explanation of why these
nnde]s have failed to accurately capture recent experience in the money
market.is that a simple unweighted summation measurement of money general- -

ly has been used. In fact potentially numerous assets possess some degree

ofanUnéyncss and therefore, a more reasonable approach to the definition
of money is to regard monetary assets as joint products with different
degrees of nnneyneﬁs. Baséd upon the degree of moneyness the quantity of
money then can be defined as the weighted sum of the aggregate value of

all monetary assets (see Friedman and Schwartz [25]). When a quantita-

tive measure of the degree of moneyness is required it is_very obvious

that an appropriate candidate is the elasticity of substitution.

A number of recent works have examined the substitutability among

different monetary assets. They include direct estimates of the elasti-
city of substitution using some constrained flexible functional forms
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His finding is that a
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d in the money markets during the Past decade, and tha
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occurre

(20] paper. |p their model,

instead of making assumptions (like symmetry-

'y the aggregation over individuals, the

suthors test for the existence of the representative utility function by
lesting for the integrability conditions. [n sg doing, they avoid any bias

Their findings, however, do not diffqr

significantly from the main finding of Feige-Pearce [21] (and confirmed by

Barnett [2) and many others). This is for low subétitutability among the



sonetary assels. Three points need to be underscored about the Ewis-

‘ysher paper, however, to establish the point of departure for the

yresent eftort.

First, they actually obtained geveral cases in which symmetry was

pnot a common result and it does not
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qenerally odbtain for highly aggregated studies of wconsumer” behavior.
Second, aside from their main finding that conf irmed the low substitutability

jtution between foreign monetary

the elasticity of subst
gnitude). This has

among \iquid assets,

assets {currency) and all near monies is high (in ma
poliCy wnp 11cations concerning the possiblity of conducting an independent
monetary policy (see Miles [33]]{4} Third, linear homogeneity and the Hicks-
neutrality of monetary jnnovation were rejected as assumptions in all the
empirical jnvestigations; this suggested strongly that such restrictions,
when imposed without testing, could easily produce bias. Nonetheless,
this study shares with all the othef Studies the problem that it ignores
the statistical aspects of the AES estimates; in particular there is no
estimation of the standard ervors of the elasticity of substitution. In
tne context of flexible functional forms the AES is @ non-linear function
of random veriables and thus estimates of 1ts standard errors are relatively
trically sophisticated techniques. Indeed,

difficult and require econome
g such estimates seems to have been

from the record, the cost of calculatin

generally binding.
Keturning Lo the guestion of the monetary aggregates and the problem

of subs;itutability among alternative liquid assets

of meosuring the degree

mediately contronted by @ choice vetween functional forms that
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globally and those that possess flexibility in that they

cahiibit guud behavior

impuse No prior restrictions, especially on the behavior of the elasticity



of substitution (see (29]), Certain Simple forms, such a5 the Cgs

salisty certain regularity conditions globally, but place unnecessarijy

stringenl conditions on the possible values of the estimated AES; this {s

unfortunate since this is the main point of such work., Flexible functional

forms-a Taylor expansion such as the translog for example--possess flexibility
and 1mpose no undesirable restrictions; Taylor's theorem, however, only

applies locally. Indeed the local applicability of the approximation suffices

to transrorm propositions from the theory of demand into restrictions on

the parameters of the approximating expenditure system. However, Taylor's

theorem fails to provide a satisfactory means of understanding the statis-

tical behavior of parameter estimates and test statistics (Gallant (27, P. 212]).

In contrast, the Fourier series expansion used in this paper permits a

natural transition from demand theory to statistical theory.

In this paper, two main points are of concern. In the context of the
flexible functional form method we wish to establish that to estimate a

demand system and (hence) to obtain the elasticity of substitution one needs
not only to approximate the true indirect utility function but also to
spproximate 1its first and second derivatives. [n particular, the classical
Fourier sine/cosine series expansion of the indirect utility function leads
directly to an expenditure system (and an estimate of the elasticity of
substitution) with the property that the average prediction bias may be

made arbitrarily small by increasing the number of terms in the expansion.
thus, the first main point is to apply the Fourier flexible form based on

the srgument that it is the function that can Capture the true indirect

monetary services utility function. In this regard, we simplify and ex-

plore the computation of the function in an effort to help guide future re-
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obtammed and a method tor (nmputmg the AES asymptot ic standard orro
ors

When one's goal 15 to measure the degree of substitutability between
money and near monies, deriving a demand function for each from traditional
consumer theory 15 the most attractive and most frequently used approach,

The resulling method has the advantage of unifying the theoretical model

f the demoend for all monetary assets including money, without the need to

~

.

explore how the household's decision has been made in the financial markets.

To begin, then, we assume that assets in the portfolio may have non-

pecunlary Characteristics (1.e. liquidity, safety, convenience. ); in

perticular, we assume that the flow of commodities consumed and the holding

of real and financial assets provide utility to the household. A convee

tent approach is the following: rather than introducing all these service

streams (pecuniary and non-pecuniary) explicitly into the analysis, they

cen be included implicitly by allowing utility to be a function of the

holdinygs of assets.
The maximization problem of the representative household can be sim-
plified to the following one-period maximization:(ﬁ)

?da Ut = Ut (C],cz.-..,CM,q],qz....,qN)._ (])
pis B v R e ST T L T R
Subject to

! (2)
t PL.+» & P.q. = W
o1 A Tl xS

where U is assumed to satisfy the regularity conditions, C is an m-vector
-~
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Pertod monetary assets 1S then to

b‘d* Ut L U (q]t'qzt’. «.“th)j (4)
1=]1 ao'-:Nn
t=} .2, , N
Subject to
N
z.P“q].t =M, = 1, (5)
N which M

is assumed to be monotonica]ly'increasing.

twice differentiable and quasi—concave, then there exists an indirect mon

"Ary services utility function,

q* (XJ = g(x]nXZa---th)& _ (6)

which is twice differentiable, strictly decreasing and quasi-convex in

the ki, where X; is the Income normaljzed price, (Pi/M)‘ To put it

differcutly, define an N x 1 normalized price vector x = P/M. The indirec

utility function 9*(x) corresponding to the maximization probl
1s defined as

9* (x) = Max HKq); xtq < 1; q > 0,} (7)

With respect to q

Assuming that the direct Mmonetary services utility function satisfies cer-

*®
tain regularity conditions, then g (x) will satisfy corresponding regular-

ity conditions (let g*(x) denote the consumer's true indirect utility func-

tion hereafter),
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Do iving the share equations of the demand system require application of

Roy's ldentaty (Roy [35, p. 222]). According to this theorem, the consumer’s

utility 15 maximized when expenditures are allocated according to the

eapenditure system (Roy's ldentd l))
N »
Pk M = [ ) ,\‘ (],‘.)\ ) qQ (7.]] xi(uf"dxi] q (K) ’ {8}
‘ y=1
(i=1’2,.,_,ﬂ).
'L 1s assumed that g (x) has continuous partial derivatives and that
o (9)

g (xy)
imation; the overbar denotes

ror all x ., where x is the region of approxim

losure ot a set.

[11. Specification of the Fourier Flexible Form

d for obtaining an expenditure system for empirical

(x) which is thought to

A tamiliar metho
work is to set forth an indirect utility function g

sdequately approximate g‘(x) and then apply Roy's ldentity,
N -1
x; (ofox;) 9 (X)T % (3/3x;) 9 (x) (10)

PX./H = [ 1

n r

i
(351,220 0)

Lo obtain Lhe dpproaimating expenditure system. One can see from Roy's

ldentity that 1f this approach is to succeed it is actually the partial

derivatives of the indirect utility function which need to be accurately ap-

proximated by the partial derivatives (8/axi) g (x) and not just the func-

tion g(x). A global approximation over x 1is said to be provided by a

fourier approaimation (see Gallant [27]). Wnhen the Fourier flexible form

is chosen Lhe resulting expenditure system has a feature which distinguishes

'L from uther flexible form expenditure systems. When estimated, it will
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approvimate th Lrue expenditure syslem to Within an avery
. 9¢ prediction

bras which May be made arbitrarily smali by lncreasing the numb f
e flumoer of te

m the Fourijer expension (vrrifi(ation of this argument is in Gallant
5 an

(27, Sec tion 4. ]).

Ihe Fourijer flexible form of an indirect utility function may be wr

ten as
Ay s
gk (x) = “o tbx + ) x (x +'tl ) aju eijtux ' (
whe e 1 e
A
l‘ - - 4\ ld N
o Q g
\'l':] (]
a © a—jx

mentioned above. Therefore, an equivalent form may be obtained; setting

a-\lzuuﬂ ' (U‘_‘].E..--.A),
&J‘l = uju + 'vja " (J=].2....,J], (13)
= . - : C__,
a_}l uj, W,
whére 1 is the imaginary unit, we then have
9¢ (x) = u, +b'x +} xCx
Ao | s,
L fAu ¥ 2578 [uj& cos (Jx~ x) - vi sin (jc° x)]) (14)
ot B Wy J=1 <
where :
A
Cap L oA . w" gt,, : ' (15)



ne derivatives of g, (x) are

A
s ptCx-2% 1L J[uj“ SN (jr&x) Vg cos (JKGX)] Ky * (16)
a=l ]"‘ '
(3€70x3X ) 9y {(x)
A J 5 ‘ Lk )
= - S‘ .. * 2 Jyl h e Luj“ cos (jr..u x) - Via sin (Jxax)]) Ko¥q
(17) %

<here < 1> 2 wu) ti=1index.

The construction of a sequence of elementary multi-indexes

K; = {yd: a=l.2,....A) (18)

s explained 1n (27,p. 215] and can be reproduced as follows. Let

® ®

KN = {n~: ih‘ & ks | “9)

*
Le the set of multi-indexes of dimension N and length k] =T le;l < K.
i=1

*
First, delete from KN the zero vector and any x whose first non-zero ele-
went is negative. econd, delete any K whose elements have a common integ-

ral divisor. [hird, arrange the » which remains into a sequence,

®*

Ky = {x i . I T (20)

*
such that wyskge- sy are the elementary vectors and |xa| is non-

decreasing 1n a. fFinally, define J to be the smallest positive integer with

€ i, =2 L e (21)

One should expect that in applications it would suffice to truncate

st some K and fit the resulting expenditure system. How one goes about

choosing K depends on whether the problem is hypothesis testing or estimation



ot ballant | . .
(sve vallant [28), Section §) In general, K may be chosen according to
etther & deterministic procedure--using for example some fixed rule--or an
adaptive rule--such as Lo Increase K when a significance test rejects the
current model .  In either event, consfstency obtains (see EL Badwi, Gallant
and Souza (18]). Also, note that A and J can be viewed as functions of K.

In the present study, we choose A=6 and J=1. The Fourier form for
these values s presented in the Appendix.
n:trurgntiatmng (14) and applying Roy's Identity (10), the following

ol ture system 1s obtained for the household:

tourier «
f‘t\,'\‘)
A J
- (x,b, -Ji] (u, X% +2 Jfl Jfbju sin (Jséx)fvja cos (jK&x)]}Kiaxi)
_ A . =3 | »
(b x-“i] XK F2 ng iluj, sin (JrgX)#v;, cos (jrgx)1}eix) (22)

where 1=1,2,...,N-1 and by=-1 (normalized). Three cost share equations (28)
form the basis for our empirical estimations. A convenient arrangement of

"

the parameters 1s obtained by setting

U(~) P (DT'DZ""’DN-])’ ’

o = =
(«) = (uﬂd'u]ﬂ'v]u'UZu'VZJ"'"ujﬁ'vj&) :
ﬂfl.d
v = (U(O)'U(])’6(2)""'“(R))‘ ’ (23)
which 1s & vector of length N-1 + A(1+2J).

Derivation and the Computation of the Standard Errors

Iv. Elasticities:
estimates are in hand the quantities typically of in-

When pardmeter
For this paper the derivations

interest 1n a demand study may be obtained.
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s fec Led using Gallant's methods of computation
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in the present section as well as the

"L ) . ‘.1]] Chiow t_h7‘
. va th Candard errors of these elasticities. We wil)
oMyt 1nQ ' 14 2
» «ith resorct to the elasticily of substitution, because of ijts

derstanding that the other elasticities (and their

LAy« wilh Lhe w
~ors) can be obtained in the same way.

rice elasticity of the ith demand q = q (P,M) with re-

T inge (e §

& hange 1n P as
\._‘ L L2 aP } - tFnH)]P ’ (24)
Wete © = o (P.M) genotes the Marshallian demand system.
§ = (e "‘) gx {X)
.;3 = ,declfl.) gK (x)
B = diag {PI,PZ,...,PN) (25)
@ - @139 (4.95.---.4y) .
and Lue n.ome elastlicities are
£t =Q " [(a/#M) q (P.M)] M
= -0 [(s/5P7) q (P.M)] P . (26)

In both (24) and (26), the foilowing simplification is used since we
ere aCtuslly estimating the parameters of 9 (x)

) S i . -1 2 . = =

(2/5#7) q (P,M) = (P79g)" " [V°g - gx"V°g - (x"vg) qq°] , (27)

{s/4) qQ (P,“) = [(J/'P) q (P,H)] X . (28)

..e ere 3l eveluated at the point x = P/M.
Ine Allen partial elasticity of substitution (AES) between two liquid

erzets 1 oend J, o, can be derived from an indirect utility function as
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where @ and Q Jdeno
Q te eleme
| : 03 ements of (3/dx) 9 (x) and (82/313!') 9 (x), re-
spectively (Dvewart {]b]].
Give > )
ven that the AES is of Primary concern to this study, two points
L de i )
sl de emphasized. Firstly, as Gallant (1981, p. 221] argues, "global
aPProXImation to within arbitrary accuracy of the elasticities of substitut
aPPears to us to be a far more appealing Property than equality at a single
pomt.™  That is, j iy ;
S, if we let vij (x) correspond to the trye indirect utility

f t S R s A :
IR L "yyk (x) correspond to the Fourier function form, then

Gallant shows that for £ » 0 there is a K with
f L3
| 955 (x) - 95K (x) | <<, all x . (3(

Secondly, EI—Badawi? Gallant, and Scuza [18] show that if the Fourier flexib)

form 1s used with an estimation procedure that satisfies the identification

condition then consistent estimation of price, income, and substitution

elasticities is possible. They conclude that if we Iet-g (x) be an
n

elasticity of substitution computed from 9% (x[én), if o (x) be computed

f rom g* (x), and if 1lim Ky-= = then
n-»w»

Jim Sup, o (x) - 3 (x) | =o. (31)

A-similar result holds for other elasticities.

Generally speaking, estimating the consistency of the AES requires not

Just approximating the true indirect utility function, but its first and
This is the key behind our choice of the

second derivatives as well.
There is

Fourier flexible form to fit the data for U.S. monetary assets.
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and to have ecanomtC inference of the ags, estimation of its

2150 required. he following, we explain

in L

nou one Can ogstain such estimates.
cond partial derivatives of the Fourier form

Recall the first and s¢€

(afox) Sg (x)
AJ
epeCx-2 1 ri fu, sin (jné})  y._ COS (J(;;)] <, {32)
a=1j=1
{ :fa-::'; 3 (x)
2 <y
-:;1 fu, * 2 321 j [uia cos (j(cl} =~ sin (Jﬁaflli A {33)
and Vet
(34)

s = ooy Sy oW

are defined pefore.

Ihen a first and second order par-

wlicre G(o’ el G(d)
ns of the form

ty1al are iincar'functio
-(39)

o

(-’/ "i) gk {X‘d) = g;
(36)

(J/)Kiﬂf}) Sy (x}8) = nij’u
thN-1+tA (1+23). Using the pre-

4 6 are vectors of leng
nd 1ts derivative with re-

city of substitution 2

where gi, hij an

an elasti

yious notlatlion,

spect o v are
2 1 " - - - - '1 . .-
"'] () = i':KxK (gK”)] (hijul (giﬂ) (ng)

- oy}
[y 5y (n380) (938

- {1, % (nj® )] (9;6)”"
(37)

C Lyt e (w?)) (£ k9 ®)
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Dy (oge)) (hgy0) (oy0™" (oj0) % (9))

. a\* |
= l!k\ X (th,] (g‘]")

-

Cyy () (950 (a))

Oy (g (gy0)”!

e

Uy xg (i) (970)7° (9

(i SN )] Bty (90071
’ [anﬁxxﬁu “kﬁfn] (xnxn [gﬁu])"e (an"gﬁ) '

-

(18)

b

-

Now, let 8 denote the seemingly unrelated regression computed as in the
next section. Its estimated variance - covariance matrix i1s 2. Then an

estimate of the AES, o.. (8) at o ,

1)

914 = 94 (6) . (39)
and therefore, using the transformation method, its standard errors are com-
puted as : |

ot ) . Sk o e 4 N |
SE (Oij) (s/007) Uij (8) Q (9/9y) i3 (0)] (40)

The same technique can be applied in a straightforward manner to the other
elasticities.
Finally, using the parameter estimates obtained from the Fourier in-

direct utility function, one can verify the restrictions on the form of



1%
girect utilaty function as jmp) fcations of the theory of Ut fty.
ity andare

me AMizaliIon behavior; those restrictions are for non-negativity, mono-
tonicity, and curvature (QUasi—convexites). The positivity and mono-
Lonicity restrictions are checked by direct computation of the values of

(he fitted demand funclions and the gradient vector of the estimated in-
girect utally function, respectively. The curvature conditions are tes-
ted by examining the computed (oij) matrix. This requirement implies that
the Allen-Uzawa elasticities of substitution provide a negative semi-
sefinite matrix of rank equal to at most (N -1 ). Negative semi-definiteness
requires placing alternating sign restsictions on the first N - 1 principle
minors of the N-dimensional matrix. A necessary, but not sufficient, re-

quirement of the curvature condition is that the own elasticities of sub-

stitution must all be non-positive.

V. Econometric Estimation, Hypothesis Testing, and Data Estimation

The market expenditure share equations of any N monetary assets demand

cquations are given Dy equation (22). The observed shares are assumed to

geviate from the “true" shares by an additive disturbance term, ui(t) ’

that is assuned tO be due to errors in the utility maximizing process

or in aggregation over either assets or consumers.

The system of direct Fourier expenditure share eq

written for the ith equation as

uations can be re-

Siry = Fi (Xige)e?i) * Vige) | (41)

§5Y . 2 5eie o
g2] . 2iiae 4N

Mere the Inpuls X, 4 ore the exogeneous variables in the ith equation, 6,

represents Lhe vector of unknown parameters mentioned above, and Ui(t) is a

rendum disturbance term which will be defined below. More compactly, the
systlem Cen be wrilten as



5 = f (tl‘) ]

(1) (V) s

in which the error i1s specified AQ(’)

(

u

(1) " Ry ey
and R = 1R’Jl 1S an NxN matrix of unknown parameters. e (t) 1s assumed t

be distridbuted normally, independent of the exogeneous variables. Furthe

more, 1L 18 assumed that

¢ [\E (t))] ® 9
/ﬁ} for s=t

t-'E' e , =
L (s) (t) ) l
0 for sft

where 's an NxN symmetric and positive definite matrix. Hereu (t) is a

veclor that 1s assumed to follow a first order autoregressive process with

t (U{L)) = Q0
(45)

£ {“(t)'”(t)) = Q = f§=0 RY e (t-J)

where “1} 1s the NxN covariance matrix E (uiuj).- This specification_ailows
both contemporaneous and non-contemporaneous disturbanée te}ms to be
correlated.

Since the expenditure shares Si (t)* by definition sum to unity at

= 0 at each observation. Sys-

cach observation, it follows that & Ui (¢)
i=1
tems of equations having this property are "singular systems". In general,

some constraints must be placed on the form of @ if it is te be estimated.

[ndeed in a singular system with autocorrelation, the adding up property

of the share equations imposes additional restrictions on the serial

correlation parameters (Berndt and Savin [8]). When these additional



estrictions are not imposed, any estimation and any hypothesis testing are

_ ov ome
onditional on the equation deleted. In the present study, to erc

b4 , 3 e been restric
this problem, the autoregressive coefficients (Rij’ have bee ted to

be equal aLraoss equations, that is, the R is R = diag {R]]' R22’ R33} in

Which Ryy = Ryy = Ryq @ R.

Using the lterative Non-linear Seemingly Unrelated Regression (INSUR-

sallant [1975]) method to estimate (0, R) simul taneously produces the

tollowing {inal modelis used, (9)

(- R sy - 0= RO (xgey 19D 7 Bie) =

Sty - BSieeny © i B 1O TR ey | 8) = &)
t=2,...,n (46)

1n the actual estimation, one share equation is arbitrarily dropped, and a
truncated disturbance covariance matrix L is used. In the present study,
wé assume that the third equation is the deleted one in all empirical
investigalions. The INSUR method is .invariant with respect to the equation
to be deleted when the presented autoregressive coefficient is constrained
(as in our case); verification of such an argument may be fdéund in Tibibian
[37].

Hypothesis Testing

To insure the consistency of the Fourier indirect utility function with
the underlying theory, the parameters have to satisfy some restrictions.
Equality and symmetry restrictions, in @ Fourier indirect utility function,
are examples of such restrictions. Using the Fourier functional form, one

can ergue that tests of symmetry and equality that are asymptotically free of



S e | d{ ‘ n e L t 5 - e S (“’ 'f t
iLL" { 1\)“ |.'Ir|\ Ca t‘ con \t' uc _"I'i. lﬂ e Il a C l(). a 1 [ r e
g Q- L l' 1 a |t t, S
5[dt.1')l.| - i ! ! 2 “
(54 t L l! l ) I . [} ) =

Follo N -
wing Gallant (27], a test of symmetry and equality may be con

structed as follows

——
JE——

=
f‘ (X]U])
fz (xluz)

f {\,h],df,....UN_]}
(47)

| ey (x8yy)

| T8
th

where the fi (x,0) terms will be recognized as the share of the i~ monetary
asset. If ei is the same in all equations, then
f (X‘U]‘BZ""’6N~1) =3¢ tx,8) , (48)
and hence the restriction '
(49)

8) = 0 = - 7 N

represents the null hypothesis of equality and symmetry.

because we use the INSUR method of estimation,

In the present study,
d fixed in both

the estimated variance-covariance matrix is hel
the Souza-Gallant [36] test statis-

held fixed

in ‘which
ed and unconstrained estimates,

constrain
with the variance-covariance matrix

tic has been used. Further,

estricted and the unrestricted estimations, one can write the

in both the r
.

test statistic as



= 3 - \ 7 ' - :
byay B 2 S TRl B ' o
d and restricted cases, respec-

in which u and r refer to the unrestricte

Lively, and ¢ and e are the residuals vectors for the null hypothesis and

the alternative hypothesis, respectively. This ;est statistic is distributeq

asymptotically as chi-square with degrees of freedom equal to_the number of

independent parameter restrictions (see gouza-Gallant [36]).

Jatla

Tte data thatl are used in the current study were provided by official
sources at iLhe€ tederal Keserve Board. Most of the available data (domestic
dala) were monthly and, therefore, have been converted to average quarteriy
data for our use {1969 1 - 1979 {v]; foreign data and GNP were quarterly,
ine interesi rate on maney narrowly defined (M1) is the implicit interest
rate that was constructed by B. Kiein [32] and updated by offenbacher [34].
xlein's data were annual and hence are interpolated (after updating) into
monthly by Qffenbacher using the method proposed by Chow and Lin [13] for
the construction of time series by related seriesﬁlo)

A number of specific points regarding the construction of the data
should be made. First, a series on the-U.S. population that was provided
by FRB was used to derive a per capita calculation. Second, Rt' the bench-
mark which is also used as the discount rate required in the construction
of the rental rate 1n equation (3), was chosén to be the highest interest
rate series derived from all available interest rates!11) Third, for es-

{ 1o L1NG PUrpPoses, it has been argued that when a Fourier flexible form

15 used the scaling of the data is 1mportant (in Gallant [27], [28], and



‘1 Badawy, Gall 23
t dawy, Gallant, and Souza [18])). A Fourier series 1s a perfod
odic function

. h f 1 ~
in each of 1ts arguments and an indirect utflity function 1s not AF
: o . ourier
series approximation of the true indirect utility function can be mad
& ‘ made as
accurate as desired on a region which is completely within the cub
ube

N

x" [0,2 n)]. This can be don
X e by rescaling the inc me normalized prices to
fall between O and 2 n such that the rescaled prices satisfy

0 ~ xg < u? <2
(51)
In this study, however, the data are scaled so that(lz)

max {x;.: t=1,2,...,n} = 8, I1s1,2,3'% (52)

vli. Empirical Results

In what follows we will be pursuing a dual objective. On the one hand

we wish to provide a convincing demonstration of the usefulness of the
Fourier functional form on a standard set of data and on the other we wish

to conLribute to the debate over actual "monetary substitutability" in the

United States; the latter i; obviously of concern in the conduct of American

monetary policy. The compariéons will be between old Ml (equal to currency

s demand deposits) and various measures of time and savings deposits at

plu
The comparisons will be to the Offenbaéher

commercial and at savings banks.

(34], Barnett [2], and Ewis-Fisher [20] papers with the understanding
earlier literature exists (and is documented in these

that a considerable
question of the degree of

studies) and has not succeeded in settling the
substitution.
In our theoretical work in earlier sections of this paper we emphasized

s of our approach while providing the hope f
the Fourier flexible form is a newly proposed

or some improvement.

three aspectl

Firstly, and most importantly,



: ing the AES. Second
ges a consistent nethod of estimating 1y, by
torm which provides

to the statistical significance of our measure of substltutabmtyl
judgments as 0

' totic standa
dly, we will present estimates of the AES and its asymp rd
Thirdly, )

er

question of whether or not the AES is constant over time; if it is not (and
1L generally 1is not), then the frequent point estimates of substitutability
one sees in the literature are certainly misleading. Indeed, as we shall
cee. some ‘ramatic things have been happening to the AES in recent years,
st least as revealed by our appx"oach.

vi.1 Money and Near Money

In order to gain a quick impression of the nature of our results
reference could be made to Figures (1) and (2), below; these exhibit the

venevior of the AES between M1 and savings and time deposits in commercial

benks (1n Figure (1)) or in savings and loan banks (Figure (2)). As claimed,

e ALL s nol constant in these cases and, indeed changes quite sharply,

especielly at the end of the 43 quarter series.(u) Complete tabular detail

these results would be at the expense of other interesting cases, and sO

we TOrLear; Table (1),

r

though, presents the estimates of the AES for the two
lesls f"_,!' Lirece (
three celendar quarters of the sample for 1979 (for commercial
benhs) and for 1978 (for S8Ls).

4 e
ﬂ-f':f.rlJr!'-

Note that the numbers In parentheses are

Slenderd errors. Also note that both these test

f U1

v

. S pass the test
equal ity and syminetry ., )

for Lhe

relation betwe 1
ween M) and savings deposits in Commercial bank
ole Lthat Stertine | { G .
J 10 late 1975 (Quarter #28) an essentially indetermj
felaldl Ll e
R LU o one of mig and the .

nsignificantly strong substitutability
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(in 1979), the figure shows how sharp this chan |
§ ge 18, and the table co
onfirms
the statistical significance. Ml and time deposits in commercial banks sh
| nks show
opposite pattern (in. ' '
an OPPC P rn (in Y3 ), ending up with a fairly strong (and significant)
~amplementarity n | X - e 3 '
comple ) 979. For )3 “~Measuring the AES between savings and time
geposils at commercial banks--we find, as expected, significant substituta

bility throughout the period with a sharp increase in 1979. One can conjecture

(hat the 1nstitutional changes in the United States--involving automatic
rransters, NOW accounts, and a changed style of monetary policy under Federal

Reserve chatrman  Pauwl Volcker--have brought dramatic changes in the definition

f . for example, money.

i

for the second part of Table (1) and for Figure (2) wé note that Ml and

cavings deposits at S&8Ls suddenly turn from a complementarity to a substituta-

pility relation; again, this is probably on account of increased ease of

sransferability of these funds (or on account «f the volatility of interest

rates). M1 and time deposits in S&Ls remain substitutes throughout, although

not without some minor fluctuation. For the AES between time and savings

deposils at S&Ls we find that as with commercial banks, these two types of

accounts are significantly close substitutes; indeed, this substitution

is snarply increasing at the end of the period.

Looking across the two sets of results we note that while M1 and SDCB

M1 and

‘

are substitutes (on average), M
onplements while M1 and TDSL are substitutes.
bility of vinstitutional loyalty" among

1 and SDSL are complements; similarly,

T0C8 are ¢ In the Ewis-Fisher

paper referred to above, the possi

to help explain a similar sort of result; in any

smal)l savers was postulated

event when money is included in the aggregate, summation across all of these

(to produce an old M3) would not produce a satisfactory aggregate,

liguid assets
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Table 1 Estinates of the ALS for Money and Near Monies
US Data, 1969-1979+

I"2 Il"] I'lz:}
a. ML-SpeB-T1DCR
1979(2) 2690 -, 2751 L8524
(.1147) (.0958) (.1393)
19/79(3) 3135 ~.2940 . 949]
(.1287) (.IIUJ) (.1549)
1979(4) 5078 -, 4350 1.2648
(.1878) (.1593) (.2057)
b. M1-SDSL-SDSI
1978(1)  -.3460 L1302 . 3064
(.1744) (.0590) (.1840)
1978(2) -.3676 1112 . 3068
(\1690)  (.0648) (.1838)
1978(3) -, 3905 Wmag .4919
(.1782) (.0529) (.1283)

*numbers in parentheses are asymptotic standard errors.

2 priori. Note, especially, that SDCB and TDCB are close substitutes--as are
S0SC and TDSL--a pattern which is consistent with the institutional loyalty

hypothesis. These results also confirm Barnett's findings.

VIi. I]. Substitutability among Savings and Time Deposits

Following Barnett, a natural extension of the foregoing is to inquire
into the relationships among "like assets" both within and across institutions.
binc; we have constrained ourseives to a three asset framework, a natural way
Lo proceed is to find some other asset, less "like," in order to test the
robustness of the likeness. |[n Figure (3) we show a comparison between
SDCB and SpSL, designed to show "across institutions" substitution; thus
V)12 Shows substitution from S&Ls to commercial banks and the comparison with

@ thind asset--savings bc:rnds--in'u]3 and u,5--show a remarkably similar



_ ) gattern. We note, however, that there £s :
np lementary <

b to complementarity between SDCB and SDSL at ype
y sSwlicd '

genera
The results for the large dips 1n 044 and 0,3 are Qiven

how how close these estimates are and how little this
SNOW .

1hese
e n
tvaidently "institutional loyalty" 1s not as strong as the

2 Vyg

;.\ tion V1.l sugygested, although, to be sure, withln-instltution

N “k\ Jd Q€ L . . .

dilitly 1s greater than across-institution substitutability (for
palritutad y

\

Lavings accounts).
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Id“l’u {(’) ]ht" t‘ld"ll(flfps of
substit
Snrn SOSL, S+ ution between

0 T T
]9?..(]) . 5218 -1.0433 -1.143]
(.2699) (.4807) (.7027)
1972(2) 5415 -1.2268  -1.429]
(.2671) (.5539)  (.g021)
1972(3) 5417 -1.3751  -1.6297
(.2774) (.61866) (. g765)
1972(4) 5576 -1.6176 .1
. . -1.9400
bl (.3092) (.7609) (1.0640)

‘Asymptotlc standard errors in parentheses.

A second "like asset" Comparison--with the same rationale--is between
S8Ls" (STOSL) and commercial banks' (STDCB) time deposits; the control asset

in this case is short term Treasury securities (STTS). Figure (4) shows

that for Lime deposits, again, the "like assets" are substitutes and, even,

inCreasingly so, at the end of the period. Again there is a close--but not

as close as Figure (3)--relation between eéch of the "like" assets and the

are substitutes across

«ontrol variable; we conclude again that "like assets"

institutions. Again we note that across-institution substitution is less

Lthan within-institution as suggested by our "institutiona]‘loyalty" hypothe-

$18.

Overall, these two tests have established that across financial

institutions savings deposits are substitutes and, separately, that time

deépusits are substitutes acooss institutions. Since they were seen to be

Close Substitutes within the institution in Section VI.I, this seems to

institutional loyalty, so far as these tests are

dispuse of the matter;
it does not here produce the

Luncerned, secms to be in Lthe value of the AES;

€ACeplions noted in the Ewis-Fisher [20] test. Again Barnett's conclusiops
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uncerning the relative magnitude of the AES among similar assets across

institutions is confirmed. We note, again,

that symmetry and equality
restrictions were accepted in both Lests(]s)

/1. 111: Disaggregation of the Money Stock

The last empirical question tackled in this paper concerns an {ssue

raised by Offenbacher (34] concerning the within-M1 substitution. Offen-
bacher could not confirm that currency and demand deposits were close sub-

“Litutes; indeed, he found that

lJDT o ”CD > lJCT



and that ver dctually showed ccxnplernentdr‘it.y. T'ime deposits Operate as the
control asset here, of course, and in Figure (5) and Table (5) we report the
results; the latter are representative ones plucked from the entire set (at

the more dramatic turning points).

Table (5) the elasticity of Substitution between
0D, CUE, TDCB

Oy %3 Poy
1970(2) .1499 .3730 .1945
(.0535) (.2192) (.0656)
1972(2) 1129 -.5312 .1692
(.0360) (.3047) (.0500)
1973(2) 1417 .4498 .2017
(.0551) . (.2201) (.0658)
1975(2) .0284 -.9332 1235
(.0435) (.2433) (.0586)

THE BEHAVIOR OF AES
DD CUR STDCB

- ———- il * e —— U

. Y . — ik
FICURES. cURVE RELATING 425 TO TIME
1969-1979
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*
0 between airrency and bank demand deposits is one of

The relationshi
n genera\——dnd is S\
ple) among the savin
titutability relation over

gnificantly co --but it is not as strong ,

5u05t1lution,
e have found (for exam

ts show a stable subs
s and time deposits at commercial

gs assets. Similarly,

one as W

cgrrency and e depos

(ime. On the other hand, demand deposit
sanks are usually complements, bul are gometimes even substitutes--as, for
quarter of 1973. This is certainly disconcerting

in the second
ble in monetary policy;

example,
for the use of M2 as a “control™ varia we will

ReL

comment on M1 1n 3 moment, but for now we underscore the low substitution.

for savings deposits at commercial banks we repeat the test, as

Demand deposits and currency and

gescribed in figure (6) and Table (6).

ency and savings deposits are again (mildly) significant substitutes

e the same dates in Tables (5) and (6)).,

curr
and again,

in this test (we compar

(6) The Elasticity of Substitution Between

Table
0D, CUR, SDCB
92 %13 923

1970(2) 2410 .7958 4326
(.1039) (.2265) (.1538)

1972(2) 1782 -.0203 .3384
(.0774) (.2887) (.1286)

1973(2) 272 .6101 .4338
(L0968) *  (.2604) (.1527)

1975(2) 1742 - .5850 .2004
(.0904) (.3127) (.1805)

semand deposits and savings deposits fluctuate over time, switching from

complementarity to substitutability. On net, in this case, they are

Lubstitutes, though, if a net figure makes much sense in view of what aPPEBﬁ

w Figure (6). I any case in both tests a condition laid down by

Offenbacher--that if M1 is to be a successful aggregate tﬁen the
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substitution between currency and demand deposits should be stronger than
that between currency and any other asset--is generally not met in both
Table (5) and Table (6). That is, o¢p is-generally not the highest positive
measure of the AES in the two tablesglﬁ) Again we note that the symmetry

and equality restrictions are not rejectedg]?1

¥iI. Conclusions

In this paper we have argued that by using the Fourier flexible functio

form we are able to obtain consistent estimates of the AES. The technique

employed also permits us toO calculate the AES over time and, of qual im-

portance, to obtain estimates of the standard errors for each of the esti-

mates of the AES. This is particularly yseful, as it turns out, in view



the U.S. demand for money and has enabled ys

(he apparent tnstability of
demand-for-money/definition of

present an empirical contribution to the

ey debate.

method permitted acceptance of the important

in general the tourier
r demand theory; this is a global

netry and equality conditions of consume

perty of the tourier funclional form and comparison with our earlier (and
N less successful) work with a Translog (T.) model on the same data

the main advantage of the Fourier model. On the other hand,

\d monotonicity held globally, the necessary

ounts tor

le both non-negativity ai
sufficient curvature conditions do not always hold in our experiments
i1d 1n the 1L test, hcwever)ﬂia) It is difficult to draw an overall

ey U

clusion on the value of the Fourier Flexible form for modeling the consumer's
svior on the Lasis of our evidence alone. The most resonable summary,

.ever, would suggest that this form is quite viable, offering estimates

AtS with considerable precision.

Turning to our explicit empirical results the most important finding, we
1. 1s that the AES estimates are decidedly non-constant over time, even
inging from (e.g.) complementarity to substitutability on occasipn. There
-, 1indeed, strong cyclical patterns noticable and there appears to be a

ndency for the monetary innovations of the late 1970s to contribute to
- instability of the AES.

An 1mportant implication is that the popular monetary aggregates
nstructed as simple sum of money components should be redefined as
ighted sum ayyregates of those components. The weights-should not be
nstent over time ¢s long as the substitutability relationships are not
nstant. Any ayyregation that is based (either imblicitly or explicitly)

a constant ALS or an AES calculated at a single point may well produce shaky



n.ppul‘! for Am B n "
erica mnl’.‘ld')" Dt}licy Since 1t d(]ﬁs Not intern
. . -e--'JTTze the

substit tabil 1 4 L g nds these
u L over the eﬂtile per fod. 0" tl"’-.')' et iC“ '] o
Unags these

diffic '
culties are well known and 50 we of fer this result as B s
ricai

confirmation of an al}eady identified problem.

HUTQ explicitly, we found that our detailed results confirmed most ¢
Barnett’'s and Offenbacher's work on "monetary substitutability;” indeed,
our "institutional loyalty" hypothesis also fared well, although not in
as strong a form as appeared to be the case in our earlfer TL uork.‘lg)
In the present tests Ml is either a substitute or a complement with ;fne
savings deposits, depending on whether one is referring to commercial ban
S&8Ls and "like assets"™ both in comparison with Ml and separately, with ot
"less like" assets appear to be strong substitutes. This confirms Barnet!
findings in favor of "nested like assets." Similarly, Offenbacher’s resu’
concernioy the effect of the disaggregation of M1 is confirmed in that sut
stitutabilty be;wéen currency and deposits is surprisingly low and Tower
than the substitutability between these components of Ml and at least cne

other asset (either savings deposits or time deposits). This raises a ser

stion about the suitability of even M1 for monetary control and cer
Fina

ous yue

tainly suggests that further work is needed on this important issue.

we have noted again that across-institution elasticities of substitution a

generally lower (for the same categories of assets) than within-institutio

elasticities, as if customers have a certain amount of “jnstitutional loya

in the ayyregate.
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&

’ urier ftorm
It 1s ot gued that the truncated versions of the Fo f
an ' r § ' i nd in yieldin
Gallant [27])are t actable fo testing hypothesis 4 d inYy g

ticities of substitution.

\ccurate and consistent estimate of the elas

e specific value for K; the choice depends

he problem, then, is to choos

yn whether the problem 1s hypothes1s testing or estimation (see (18],

27), and [28, section 5]).
In the present study, however, we choose A=6 and J=1. The Fourier

form for these values is simplified as

X
1 X
]
g, (x) = ug (b, b, bl x| * [x5 % kgl &1 %
X3 X3
+ugy 2[y]] Cbs(x]) - vy sin(x')]
‘ ugy + 2[u), Cosix,) - vy, sin(le] (54)

up3 ! 2[u]3 C?S(x3)_' Vi3 sin(x3)]

Ugg * 2[u]4 Cosixy+x,) - Vigsin(x, + xz)]

Fuge Zo_‘[u]5 Cos(x]+x3) - vlssin(xl+x3)]

B TR 2[u}6ICOS(x2+;3) " Vipsinlxytxs))
1 0 0 _ [
the sequence of K =0 1 0 1 1 0
' 2 » | 0 . 1
0 1 ol | (55)
b ¥ J
snd then, C = - A '
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[3), (4], (5], (6], and el

\ . @ ee of a "representative consumer" requires two sets
o Ltt“;sszihcf (n unr&an's conditions of Lin??[ En?el Curves tg:t
are parallel across consumers and (2) rationality ? individuay
consumers., While the present study tests for c?nd ?ion (2) given
(1) as the maintained hypothesis, it would be also interesting ¢,
test for the reverse. Discussion of this point s in (3, p, 2.

.

(3)  See, tor example, Christensen et. al. [14], Gallant (27], and
w&‘t“: l 18 ] .

(1) Bul see below, footnote (19) in the empirical section.

%) Standard errors for the estimated elasticitie§ of substitution are
Fairly easy to obtain using the translog flexible form (for example),
when we 1mpose the linear homogeneous assumption (as in Offenbacher's
mode)l {34])). In this case

c]J ‘ ;1J i T

and hence ils asymptotic standard error is

o ALY o' )
SE {“IJ’ - l[];bibj) Var (uij)l

1hese :landard errors are based on the assumption that the cost shares
are nonstochastic. It is known that such a specification contradicts
the assumptions used in estimating the model, but it has been argued
(Binswanger [9]), Humphrey and Moroney [30]) that these relations hold
asymptotically. Evaluating the statistics at the mean cost share values
and treating them as estimates of the central tendency of the
distribution might serve to reduce the error in the approximating

standard errors. This point is made by Dennis and Smith [15, p. 804],
although Offenbacher does nclL use this rationale.

(6) tour s fairrly comprehensive household maximization problem the reader
is referred to Barnett's work in (1], [2], and [3, Chap. 7] and to
the Ewis-Fisher work in [14]. The latter is b_.sed on Barnett's
theoretical work. However, Lhey differ in using assumptions and/or
theorems to retreal to a single period optimization problem with
financisl assets only, in the objective function. Barnett acquired
a current period ulility function by assuming intertemporal weak
separability; the latter assumption is needed to get a current period
utility function depending only upon current period quantities and
nence the theory behind superlative or Divisia quantity aggregates is
qultﬁqule. Ewis-Fisher [14] -- in contrast -- use Hadar's collap-
isibirlity theorem to acqui i 313 i :
is not agpropirate whenqir:zl‘:xamin‘:zgin:hgerwc" Utlllty fUHCt.lon. i
ory 1s to be used to



(7)

(1)
, 12)

(13)

constiuc: 4 monetary aggregale; this is not the purpose of the

their study,

The stmple construction of suchi & ¢nrm for the rental rate was
gerived first by B. Klein as [P i = R Tjtd 27 hac hoean pead by
many researchers (e.q. Of fenbachAr [35])_ Construction or an
extension is by Donovan {17] although the theoretical derivation
in this Ctase is by W. Barnett [1]. This form was

Ty 5

p = P - where Pt is a price index. A similar form
1+R
t

it {

1s used by Ewis-Fisher [30]. Al Lhese forms are connected to each
other since they are independent of Pt or (]+Rt).

‘n testing for the serial independence of each u.--in an early stage--
the Durbin-Watson test reveals that the hypothes]s of serial indenrend-
ence among the ordinary least squares residuals in each u. was rejec-
ted sharply. A possible explanation for these rejections may be that
the elements of these individual equation residual vector are genera-
ted by a first-order autoregressive scheme, as is assumed above.

Later estimates of the nonlinear equations system reveal high auto-
correlation coefficients.

he algorithm and computer program used in the estimation of the mode 1

-

are develcped by Gallant [26]. Using the INSUR method to estimate
(9., R) simultaneously enables us to consider the autoregressive spec-
iflcation in all iterative processes as well as £. in this process,
one starts with an estimated value of R and minimizes the sum of
squares by the choice of 8. The next step is to minimize the sum of
squares by the choice of R for this 8. This process continues until
estimators & and R are obtained that do not significantly differ from
those obtained on the previous step.

For more discuss»on of the construction of such implicit interest
rates the reader is referred to Offenbacher [34]). The implicit in-
térest rate that is used in the present study is the full competitive
interest rate. The flavor of the debate of using such implicit
interest rate may be found in (22] and f23].

More detail about the data can be found in W. Barnett [3, Chap. 7].

To do so, we simply use the following formula
“ig = [6/max (x;)] x; = TR vica s

* -
where Xit 1s the rescaled normalized price. t=1,2,....n

he data was for 44 qQuarters starting in 1969 and running to 1979 Iv. .

Because of the treatment of the autoregressive specification, one
Observation ic lost.



\ ( the test stat 1stic for equalit‘j and Sﬂr;;Etr
g tue O

: J
in Figure (1) 13

!'1+ l' L Hl'\! v
tll |

| 83 b 2. 7¢ * 31.96

h ot significant at 4 level of 1%, For the Figure (2) tp.
wh it 15 M , .

test statistic 1S
L = 82.19 - 44.4 = 37.79

t at .00].
which i1s significant at @ lavel of 1%, but no

15) For the tirst test, the computed value of the statistic for equality
(! | ,
and symnelry 1§

L - 83.75 - 48.8 = 34.9

which 1s =0t significant at a level of .005. For the second test the
statistic s

L = 85.17 - 55.21 = 29.96
which 1s not significant at a level of .025.

(l6) Unfortunately, Offenbacher estimates the substitutability relationships
according to incorrect derivation of AES as :
B .
o, =1 - _l.l—-—- 3 1*\)
1] ;

- v

=4

while the correct derivation is

Having his estimates_of °;, and B.. one is able to get the correct AES
and therefore his main coﬂdlusiongJ—basad upon correct derivations--
should be written as

Iy * S e
4 | (S Di ’

afid oll assets are noti

% Ced to be substitutes. Fort
findings tend o confirm unately, gur

his corrected conclusion.

(17} The equality and Symmetry r

€ estrictions for both tests cannot be
rejected. FfFor i
iSJ ¢ or the first test, the Computed value of the test statistic

L = B0.0b - 52,69 - 27.97



(18)

(19)

which 1s not significant at qa lpvp[“' 025. For tI
& . 3 o - . 4 . 10
statistic is second test the

L = 65.43 - 17.54 = 27.89
which is not significant at a level of ,025.

[t might be more appropriate to test directly for the curvature

condition and hence impose 1t. It 1s not clear, however, how Eo
impose the weaker of the two convexity restrictions. Hopefully

further work will produce Fortran Code which will allow one to '
impose the restriction of quasi-convexity.

In the earlier Ewis-Fisher [20] paper a variable which was successfu]
included was for "“foreign assets" (in the demand for money). We
made a number of experiments with foreign assets but were unable to
obtain convergence. Iwo factors seem involved, as near as we can
tell: (1) there is a high degree of auto-correlation in the tested
equations and (2) the share of the foreign assets in total] asset
holdings 1s just too low tor a precise estimate to be effected.

[n both papers the foreign assets variable was U. 5. nondirect privat
claims on foreigners and the corresponding interest rate was a

four country weighted average of a three-month interest rate

(from the FRB Multi-Cpuntry Model Data Base). ;
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